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Numerical Verification of the
Schroeder–Webster Surface
Types and Friction Compensation
Models for a Metallic
Specimen in Axisymmetric
Compression Test
Three types of surfaces in the Schroeder–Webster (SW) theory, i.e., sliding, mixed, and
sticking surfaces, have been veriﬁed via ﬁnite element analysis of an axisymmetric compression test for a metallic specimen. Judging from (i) the radial proﬁle of the pressure at the top
elements and (ii) the radial displacement at the top nodes, the three types of SW surfaces are
not manifested in the numerical simulation. However, the SW friction compensation model
developed for the SW-sliding surface is remarkably reliable in predicting the measured
stress–strain curve of the barreled specimen down to the height-to-diameter ratio of 0.1.
The origin of this reliability is discussed along with recommendations for using the SW friction compensation model for the SW-sliding surface. [DOI: 10.1115/1.4044131]
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1 Introduction
Precise calibration of a constitutive equation [1–3] is required to
simulate the mechanical deformation behavior of materials and
structures accurately. A stress–strain curve measured under a
friction-free condition resulting in uniform deformation in a homogeneous stress state is required to calibrate a constitutive equation.
Compression testing of an axisymmetric specimen would be one of
the handiest methods for obtaining the stress–strain curve.
However, it is not easy to determine the friction-free stress–strain
curve of materials in a compression test. For instance, a plastically
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deforming metallic material usually undergoes barreling (nonuniform deformation) under compression owing to friction, which
leads to overestimation of the stress–strain curve. Therefore, the
effects of friction, lubrication, and barreling on the measured compressive stress–strain curve of metallic specimens have received
considerable research attention [4–17].
In the compression test, the inﬂuence of friction increases as the
height-to-diameter ratio (H/D) of the specimen decreases. Therefore,
for a metallic specimen, a higher H/D ratio is desirable, provided the
phenomenon of buckling can be avoided; the H/D ratio of approximately 1.5–2.0 is generally employed to obtain a nearly friction-free
stress–strain curve. However, in some cases, the H/D ratio of the specimen is inevitably lower than 1.0, e.g., thin plate specimens in a
quasistatic test. In high-strain-rate tests such as the split Hopkinson
bar test [18], direct impact test [19], and plate impact test [20], a thin
specimen has an advantage in achieving a high strain rate. In this
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regard, it is necessary to compensate the inﬂuence of friction on the
measured stress–strain curve obtained in both quasistatic [21–38]
and dynamic compressive tests [18–20,39–48].
This study aims to obtain a friction-free stress–strain curve of a
metallic material from a curve measured under a frictional condition in an axisymmetric compression test. The geometry of the
specimen considered in this study is illustrated in Fig. 1(a). For
obtaining the friction-free stress–strain curve, a friction compensation model, f (μ, H/D), is necessary, which describes the ratio of
the measured ﬂow stress (pa) to the friction-free ﬂow stress
(σo): pa/σo = f(μ, H/D). Once f (μ, H/D) is known, σo can be
obtained from the measured ﬂow stress under a frictional condition (pa). The determined σo in this way can be used to calibrate
a constitutive equation and to calculate the required load for metal
forming and forging.
According to the study of Schroeder and Webster (SW) [21],
there are certain conditions (in terms of μ and H/D) in the axisymmetric compression test of a metallic specimen under which (i) the
entire contact surface is sliding, (ii) the inner part of the contact
surface is sticking while the outer annular part is sliding, or
(iii) the entire contact surface is sticking. They derived friction compensation models for each type of contact surface. As for the ﬁrst
case where the entire contact surface is sliding, in addition to the
two aforementioned scholars, numerous researchers provided their
own friction compensation models, which will be described in
Sec. 2.2.
All the friction compensation models available in the literature
were derived based on the common assumptions that (i) there is
no barreling of the specimen and (ii) inclusion of the frictional
force does not alter the stress state of the specimen [27]. Therefore,
as the axial strain increases, the applicability of the compensation

models is limited because barreling/rollover of the side wall generally occurs in the compression test. Their applicability is also
limited when the H/D ratio of the specimen is small because the
effect of inclusion of the shear force increases as the thickness of
the specimen decreases.
In the literature, researchers used compensation models of their
own choice (as will be discussed in Sec. 2.2) to compensate their
experimentally obtained stress–strain curves. In this regard, if the
reliability of the compensation models derived under the abovementioned common assumptions is examined for ranges of H/D
and μ values, the result may be helpful to researchers attempting
to select an appropriate friction compensation model.
In this study, after reviewing the SW theory and the friction compensation models, the three types of surfaces in the SW theory are
veriﬁed numerically. Subsequently, the reliability of the compensation models available in the literature (including the ones proposed
by Schroeder and Webster) is numerically examined to provide
researchers a selection guide for an appropriate friction compensation model in an axisymmetric compression test.

2 Review of Schroeder–Webster Theory and
Compensation Models
2.1 Schroeder–Webster Theory
2.1.1 Sliding Surface. To describe the behavior of a sliding
surface, Schroeder and Webster [21] employed the law of
Coulomb friction (Fig. 1(b))
τ = μp

(1)

Fig. 1 (a) Geometry of the specimen considered in this study for the axisymmetric compression test. (b)
Laws of Coulomb friction and constant friction. (c) Proﬁle of the pressure for the case when R = 5 mm
and H = 10 mm (μ = 0.3, 0.45, and 0.6 for the SW-sliding, SW-mixed, and SW-sticking proﬁles, respectively.).
(d) Stress state when the frictional stress τ is superimposed to a hydrostatic pressure state.
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They used Eq. (1) considering the stress equilibrium of an axisymmetric stress element being compressed and established a differential equation
dp
2μ
= − dr
p
H

(2)

By integrating Eq. (2) from σo to p (the left side) and from R to r
(the right side), the proﬁle of the pressure p was obtained as a function of the radial position (r)


2μ
(R − r)
(3)
p = σ o exp
H
Equation (3) is called the “SW-sliding pressure proﬁle” in this
study. An example of this proﬁle is illustrated in Fig. 1(c) as
curve “a”.
The average value of the pressure (pa) can be calculated from the
pressure proﬁle (p) as shown in Fig. 1(a) (curve “a”), using the
equation
R
2πrpdr
(4)
pa = 0 2
πR

The condition under which sticking occurs can be determined by
considering the critical moment when τ (=μpc) reaches τo (=kσo)
kσ o = μpc

(8)

where pc is the critical pressure above which the law of constant
friction is applied (Fig. 1(b)) and the shear stress reaches the level
at which plastic ﬂow is invoked (sticking occurs). As pc = kσo/μ,
if μ reaches k, pc = σo; the law of constant friction begins to be
applied (sticking occurs) when the pressure (p) reaches the ﬂow
stress of the specimen (σo). In this regard, Schroeder and Webster
considered that, if μ ≥ k, sticking occurs everywhere in the
specimen.
Schroeder and Webster used Eq. (7), the law of constant friction,
in considering the stress equilibrium of an axisymmetric stress
element being compressed and established a differential equation:
dp = −

2kσ o
dr
H

(9)

The proﬁle of the pressure (p) for the sticking surface can be
determined by integrating Eq. (8) from σo to p (the left side) and
from R to r (the right side).

In the experiment, the value of pa is measured. By substituting
Eq. (3) into Eq. (4), the friction compensation model is obtained as

p
2k
= 1 + (R − r)
σo
H

pa 2 α
= [e − α − 1]
σ o α2

Equation (10) is called the “SW-sticking proﬁle of the pressure”
in this study. An example of this proﬁle is illustrated in Fig. 1(a) as
curve “b”. By substituting Eq. (10) into Eq. (4), the compensation
model is obtained as

(5)

where α = μD/H. In this study, Eq. (5) is called the “SW-sliding
compensation model.” As mentioned, when the friction-free property σo is obtained from the measured value of pa under the frictional condition, equations such as Eq. (5) are called friction
compensation models. If the load required for upsetting (paA) is predicted from the value of σo, equations such as Eq. (5) are called the
prediction models for the upsetting load.
2.1.2 Sticking Surface. The term sticking used in the SW theory
does not necessarily indicate adhesion at the interface; it indicates
the state where the contact surface of the material does not move relative to the surface of the platen. τ (the shear stress on the contact
surface owing to the pressure, μp) will not increase to a value
higher than that necessary to produce yielding or plastic ﬂow.
When the value of τ increases to a level at which plastic ﬂow is
invoked, relative sliding between the platen and specimen surface
stops (sticking occurs). Subsequently, spreading action of the specimen occurs owing to the shear strain of the surface layer, which
creates a new contact surface with the platen at the radial end
region (rollover occurs). In such a shear stress regime where the
value of τ is high because the platen restrains the free sliding of
the surface layer of the specimen, a condition approximating the
hydrostatic pressure is developed; the magnitude of the hydrostatic
pressure equals p, upon which value a shear stress τ is superimposed.
Figure 1(d) schematically illustrates such a stress state.
The von Mises yield criterion in such a stress state (Fig. 1(d)) is

1
√ (σ n − σ r )2 + (σ r − σ c )2 + (σ c − σ n )2
2
(6)

1
= √ (2τo )2 + τ2o + τ2o = σ o
2
where τo is the maximum value of τ, which is the yield stress in pure
shear. From Eq. (6), the relationship between σo and τo is established as
τo = kσ o

(7)

where k = 1/√3 = 0.57735. Equation (7) is the constant friction
law applied when shear yielding occurs. The relationship between
the Coulomb friction law and the constant friction law is illustrated
in Fig. 1(b).
Journal of Tribology

pa
kD
=1+
3H
σo

(10)

(11)

Equation (11) is called the “SW-sticking compensation model” in
this study.
2.1.3 Mixed Surface. Schroeder and Webster considered that,
even when μ ≤ k, sticking occurs on the surface portion when the
pressure p is higher than its critical value pc (= kσo/μ); the equality
τ = τo = kσo (constant friction law) is applied in any region where
p > pc. As p is higher in the central region than at the radial end,
the view that sticking occurs when p > pc yields the concept of the
critical radius (rc) below which sticking occurs and above which
sliding occurs. The concepts of pc and the associated rc are illustrated in Fig. 2(a). When r < rc, p > pc, and thus, sticking occurs.
When r > rc, p < pc, and thus, sliding occurs. We call this surface
the mixed contact surface in that sticking and sliding occur simultaneously on a given contact surface. The value of rc can be obtained
by substituting pc = kσo/μ for p in the pressure proﬁle (Eq. (3); the
sliding curve in Fig. 2(a)). The expression for rc is
rc = R −

H k
ln
2μ μ

(12)

The change in rc with H is illustrated in Fig. 2(b) for a range of μ
values.
The condition for the SW surface type, i.e., whether p > pc or p <
pc when μ ≤ k, is graphically illustrated in Fig. 3(a). This surfacetype map was established by observing the phenomenon of the
mixed contact surface (the curves in Fig. 2(a)) from the ordinate (p).
If the phenomenon of the mixed contact surface (the curves in
Fig. 2(a)) is observed from the abscissa (r), a different version of
the surface-type map is established as follows. For the mixed
surface, rc should be positive. When rc = 0, Eq. (12) transforms to
 
H
μ
(13)
=
D c ln (k/μ)
When (H/D) < (H/D)c, rc > 0, and thus, a mixed surface is
obtained. In contrast, when (H/D) > (H/D)c, rc < 0, and thus, the
OCTOBER 2019, Vol. 141 / 101401-3
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Fig. 2 (a) Example of the pressure proﬁle on the mixed contact surface (R = 5 mm). rc is the critical radius below which p > pc, and
thus, sticking occurs; pc (= kσo/μ) is the critical pressure above which sticking occurs. The sliding curve was drawn using Eq. (3)
and the sticking curve using Eq. (14). (b) The change in the value of rc as a function of H when R = 5 mm.

entire contact surface is sliding. The map of the surface type established using Eq. (13) is graphically illustrated in Fig. 3(b). The two
versions of the surface-type map (Figs. 3(a) and 3(b)) are the same;
they are obtained by observing the phenomenon of the mixed
contact surface (the curves in Fig. 2(a)) from the ordinate (p) or
from the abscissa (r), respectively.
The pressure proﬁle (p) when r < rc can be determined by integrating Eq. (9) over the range 0 ≤ r ≤ rc, i.e., integration from pc
to p (the left side) and from rc to r (the right side)
 
p pc
k
2k
+ (rc − r)
=
=
(14)
σo σo
μ
H
The pressure proﬁle over the range rc ≤ r ≤ R is given by Eq. (3).
The “SW-mixed pressure proﬁle” is composed of two parts:
Eq. (14) over the range 0 ≤ r ≤ rc (e.g., the red curve in Fig. 2(a))
and Eq. (3) over the range rc ≤ r ≤ R (e.g., the sliding curve in
Fig. 2(a)).
The compensation model for the mixed surface can be obtained
by substituting Eq. (14) into Eq. (4) over the range 0 ≤ r ≤ rc and
substituting Eq. (3) into Eq. (4) over the range rc ≤ r ≤ R as follows:


pa 2
β2 k 2k rc
+
= 2 [(β + 1)eα−β − α − 1] + 2
(15)
σo α
α μ 3 H

where α (=2μR/H ) is the same as before and β = 2μrc/H. Equation
(15) is called the “SW-mixed compensation model” in this study.
2.2 Compensation Models for Sliding Surfaces. Schroeder
and Webster derived the compensation models for each of the
three types of contact surfaces. Other researchers developed their
compensation models for the sliding surface. In this subsection,
various compensation models of the sliding surface are reviewed
in chronological order including the SW-sliding model.
As early as 1923, Siebel [22] derived the average additional stress
(σra) necessary to deform a 2D (plane strain) solid when uniform
friction exists at the contact surfaces as follows:
σ ra = σ o

μb
2H

(16)

where b is the current width and H is the current height of the work
piece. As σra = pa − σo, Eq. (16) transforms to
pa
μb
=1+
2H
σo

(17)

The compensation model of Siebel (Eq. (17)) is introduced here
because, in the literature [11,24–26,39], the model of Hill (Eq. (18))

Fig. 3 Schematic illustration of the surface-type map. (a) The surface-type map from the viewpoint of the ordinate of Fig. 2(a):
whether p < pc or p > pc. (b) A different version of the surface-type map from the viewpoint of the abscissa of Fig. 2(a): whether
rc > 0 or rc < 0. Closed circles labeled as 1, 2, and 3 are the conditions of the contact surfaces tested in this study. Closed
squares indicate the conditions under which the pressure proﬁles and compensation models are examined in this study.
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or even the SW-sliding model (Eq. (5)) is often referred to as
Siebel’s model [22,23]. However, Ref. [22] reported Eq. (17)
only; Ref. [23] dealt with the axial compression of the specimen
with a conically grooved surface.
In 1949, as already reviewed, Schroeder and Webster derived
Eq. (5) (from Eqs. (3) and (4)) as the compensation model for a
sliding surface. However, books [26,27] written later did not cite
the study of Schroeder and Webster explicitly or introduce Eq. (5)
as Siebel’s model. Thus, some recent studies that used Eq. (5)
[24,28] could not cite the study of Schroeder and Webster. To the
best of our knowledge, Eqs. (3)–(5) were published ﬁrst in the
study of Schroeder and Webster. Han [24], Christiansen et al. [28],
and Smith and Kassner [29] used Eq. (5) to compensate their quasistatic stress–strain curves. Altinbalik et al. [30] used the SW theory
(Eq. (5)) to predict press loads in closed-die upsetting.
Hill [31] provided an approximate solution for Eqs. (3) and (4) in
his book published in 1950 as follows:
pa
μD
=1+
3H
σo

(18)

Richardson et al. [26] indicated that the error of Eq. (18) is less than
1% compared with that of Eq. (5) if μD/H ≤ 0.35. Kamler et al. [39]
used Eq. (18) to compensate their stress–strain curves measured
using the split Hopkinson pressure bar.
In 1967, Rand [32] also presented a solution for Eqs. (3) and (4)
as follows:
pa
β2
μDo
= β
and γ =
σ o 2(e − β − 1)
Ho (1 + e)3/2

(19)

where Do and Ho are the initial diameter and initial height, respectively, and e is the engineering strain. Bertholf and Karnes [40] used
Eq. (19) to compensate their stress–strain curves obtained using the
split Hopkinson pressure bar.
Cha et al. [41] considered the energy equilibrium of the cylinder
specimen being compressed under sliding contact condition, from
which a compensation model was derived as follows:


pa
μD −1
= 1−
(20)
3H
σo
They used Eq. (20) in correcting the stress–strain curves determined from split Hopkinson pressure bar signals.

3 Methods
To verify the “three types of surfaces” in the SW theory (marked
as points 1, 2, and 3 in Fig. 3(b)), 2D axisymmetric ﬁnite element
(FE) models with a radius of 5 mm and heights of 10, 10, and
5 mm, respectively, were constructed using axisymmetric four-node
reduced integral elements (CAX4R). The length of the mesh was
31.25 µm in the radial direction and 100 µm in the axial direction.
A separate mesh sensitivity test was performed carefully from the
viewpoints of the radial displacement of the nodes and axial
stress of the elements, both located at the top of the specimen. An
example of the FE model will be presented later in Fig. 4(c). An
elastic and perfectly plastic material model with an elastic
modulus of 115 GPa and ﬂow stress of 90 MPa (σo) was employed.
The top and bottom platens were modeled using analytically rigid
surfaces. Coulomb friction coefﬁcients corresponding to points 1,
2, and 3 (Fig. 3(b)) were applied between the top/bottom platens
and specimen surfaces. The displacement of the top platen was controlled to simulate the compression test. The pressure at the top elements of the specimen and radial displacement at the top nodes were
obtained at a given axial strain of the specimen. A commercial FE
package (ABAQUS), which employs the von Mises yield criterion,
was used as the solver; plastic ﬂow of the material occurs when
the value of τ reaches τo(=kσo).
To verify the “radial proﬁle of the averaged pressure” and the
“compensation models,” various FE models with a radius of
Journal of Tribology

5 mm were modeled according to the points marked as groups A,
B, and C (Fig. 3(b)). The mesh density, modeling of platens, displacement control, and solver were the same as those mentioned above
except that an elastic and work hardening material model was
employed instead of the elastic–perfectly plastic model. The work
hardening ﬂow stress (σo) was modeled using the Voce hardening
law [1]: σo = A + B[1 − exp(−Cɛ)], where A = 96.044 MPa, B =
261.374 MPa, and C = 6.127 (oxygen-free high thermal conductivity copper [49]). To construct the radial proﬁle of the pressure,
instead of obtaining axial stress values from the top elements of
the specimen, the axial stress value of each element along the
height direction was extracted at a given radial position and the
extracted values were averaged. This averaged value at a given
radial position was used to plot the radial proﬁle of the averaged
pressure. The measured ﬂow stress in this numerical experiment
(pa) was determined by obtaining the reaction force at the top
platen and subsequently dividing it by the current contact area,
which was calculated from the current length based on the assumption of volume constancy of the specimen.

4 Results and Discussion
4.1 Veriﬁcation of the Three Types of Schroeder–Webster
Surfaces. The sliding surface condition indicated by point
1 (Ho/Do = 1.0 and μ = 0.3) in Fig. 3(b) is examined ﬁrst. Whether
sliding occurs under this condition can be judged from the “pressure
proﬁle” and “displacement” at the top of the specimen. The proﬁle of
the pressure at the top elements of the FE model is presented in
Fig. 4(a). The proﬁles were obtained for a range of axial true strain
values. Figure 4(a) also shows the value of pc(=kσo/μ) indicated by
the dashed horizontal line. As shown in Fig. 4(a), the value of the
pressure is higher at the radial end than at the center, which contradicts the SW theory (Fig. 1(a)).
The radial displacement of top nodes is a more direct indicator of
sliding than the pressure proﬁle; it is presented in Fig. 4(b). The
numbers of top nodes were assigned to increase from the center
(node 1) to the radial end (node 11) at a constant interval in distance,
which are marked in the left diagram of Fig. 4(c). Up to the axial
strain value of approximately 0.1, which is the small-strain
regime where the SW theory is anticipated to be valid, only node
11 expands signiﬁcantly, whereas all other interior nodes are stationary. This ﬁnding contradicts the SW theory for the sliding
surface, which anticipates the radial expansion of all nodes. As
the axial strain increases to higher values, barreling and rollover
of the side wall take place.
The sticking surface condition indicated by point 2 (Ho/Do = 1.0
and μ = 0.6) in Fig. 3(b) is examined next. The pressure proﬁle at
the top elements of the specimen is presented in Fig. 5(a). In
Fig. 5(a), the pressure value on the top surface is generally higher
at the radial end than at the center. Further, the pressure values
are lower than the value of pc at the central region up to the axial
strain value of 0.357. These observations contradict the SW
theory for the sticking surface, which predicts (1) higher pressure
at the center than at the radial end and (2) p > pc over the entire
contact surface.
The radial displacement of the top nodes of the specimen is presented in Fig. 5(b). As can be seen in Fig. 5(b), all nodes except for
the center node expands radially. This ﬁnding also contradicts the
SW-sticking theory, which anticipates sticking (no sliding) of all
nodes.
Finally, the mixed surface condition indicated by point
3 (Ho/Do = 0.5 and μ = 0.4) in Fig. 3(b) is examined. The proﬁle
of the pressure at the top elements of the specimen is presented in
Fig. 6(a). When the value of the axial strain is small, e.g., 0.105,
the pressure proﬁle is lower than the value of pc up to the radial
end, which also contradicts the SW theory for the mixed surface,
which anticipates a proﬁle similar to the one in Fig. 2(a): p
values should be higher than the pc value in the central region.
The radial displacement of the top nodes of the specimen is presented in Fig. 6(b) as a function of the axial true strain. Nodes 7–11
OCTOBER 2019, Vol. 141 / 101401-5
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Fig. 4 Result of simulation under the sliding surface condition marked as 1 (Ho/Do = 1.0 and μ = 0.3) in Fig. 3(b). (a) Radial proﬁle
of the pressure on the top elements of the specimen. The radial position is based on the undeformed shape of the specimen.
(b) Radial displacements of the top nodes as a function of the axial true strain. (c) Deformed shapes of the specimen with
radial displacement contour (U1: axial displacement).

at the annular zone near the radial end move to the positive direction, whereas nodes 1–6 in the central region are almost stationary.
Purely judging from node displacement, the SW-mixed surface
seems to be manifested. However, note that such movement of
nodes occurred at a small strain value (0.105) when the pressure

value was lower than the value of pc up to the radial end (Fig. 6(a)).
Overall, the SW theory for the mixed surface is not manifested.
As mentioned, the contact surfaces of the SW theory were predicted from the two fundamental assumptions that (i) there is no
barreling and (ii) inclusion of the frictional force does not alter

Fig. 5 Result of simulation under the sticking surface condition marked as 2 (Ho/Do = 1.0 and μ = 0.6) in Fig. 3(b). (a) Radial proﬁle
of the pressure on the top elements of the specimen. The radial position is based on the undeformed shape of the specimen.
(b) Radial displacements of the top nodes as a function of the axial true strain.
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Fig. 6 Result of simulation under the sticking surface condition marked as 3 (Ho/Do = 0.5 and μ = 0.4) in Fig. 3(b). (a) Radial proﬁle
of the pressure on the top elements of the specimen. The radial position is based on the undeformed shape of the specimen.
(b) Radial displacements of the top nodes as a function of the axial true strain.

the stress state of the specimen. Absence of barreling inherently
indicates the statement described by Thompsen et al. [27]: “The
slab method of solution assumes that stresses on a plane or spherical
surface are perpendicular to the ﬂow direction. The stresses are not
permitted to vary on this plane. A slab, straight or curved, of inﬁnitesimal thickness is selected parallel to this plane at any arbitrary
point in the deformed metal”. From the force balance of the slab,
the basic differential models such as Eqs. (2) and (9) were
derived. However, barreling and rollover of the specimen occur
during plastic deformation, as shown in Fig. 4(c). Further, the inclusion of the frictional force should alter the stress state of the specimen. Violation of the two fundamental assumptions as such is
believed to be the reason the three types of contact surfaces of the
SW theory are not manifested in the numerical simulation.
4.2 Veriﬁcation of the Radial Proﬁle of Pressure. The three
types of SW compensation models were obtained by applying the
pressure proﬁle along the radial direction (Eq. (3) for the sliding
surface, Eq. (10) for the sticking surface, and Eqs. (14) and (3)
for the mixed surface) to Eq. (4). Therefore, the pressure proﬁles
(Eqs. (3), (10), and (14)) directly govern the reliability of the compensation models. In this regard, the radial proﬁles of the pressure
are numerically veriﬁed ﬁrst in this subsection, followed by the
compensation models in Sec. 4.3.
As the three types of SW contact surfaces (sliding, mixed, and
sticking surfaces) are not manifested in the numerical simulation,
the pressure proﬁles for sticking and sliding surfaces are compared
together, regardless of the H/D and μ conditions. When the H/D and
μ conditions belong to the mixed-surface regime (Fig. 3(b)), proﬁles
derived for the mixed surface are also compared.
In this study, the averaged value of the pressure of the elements
along the height direction of the barreled specimen was obtained.
This averaged pressure along the height direction is presented as
a function of the radial position (instead of the radial proﬁle using
the pressure of elements only at the top of the specimen). The
reason the averaged pressure along the height direction is used is
because the value of pa (the stress of the specimen measured
using the load cell in the experiment) appearing in the compensation
model results from all of the specimen volume from top to bottom.
The example of the radial proﬁle of the averaged pressure is presented in Fig. 7(a) as the curve in black for a condition (H/D =
0.25 and μ = 0.15) belonging to group A (the sliding surface) in
Fig. 3(b). Figure 7(a) also shows the SW-sliding and SW-sticking
pressure proﬁles.
In Fig. 7(a), unlike the pressure proﬁle at the top surface of the
specimen (see Fig. 4(a)), the averaged pressure proﬁle is higher
Journal of Tribology

at the center of the specimen than at the radial end. Interestingly,
the SW-sliding proﬁle is remarkably consistent with the proﬁle of
the averaged pressure of the barreled specimen (obtained via the
numerical experiment). Although the three types of contact surfaces
are not manifested at the top of the specimen, the SW-sliding pressure proﬁle (Eq. (3)) reasonably describes the averaged pressure
proﬁle of the barreled specimen. The reliability of the SW-sliding
compensation model (Eq. (5)) in consequence of this phenomenon
is discussed in Sec. 4.3.
Figure 7(b) compares the proﬁles of the averaged pressure for a
contact condition (H/D = 0.25 and μ = 0.3) belonging to group B
(the mixed surface) in Fig. 3(b). Figure 7(b) also shows the SW proﬁles for sliding, mixed, and sticking surfaces. For the considered
case, the SW-mixed pressure proﬁle (Eq. (14) plus Eq. (3)) is the
best; it describes the averaged pressure proﬁle reasonably.
Figure 7(c) compares the proﬁles of averaged pressure for a condition (H/D = 0.25 and μ = 0.6) belonging to group C (the sticking
surface) in Fig. 3(b). Figure 7(c) also shows the SW proﬁles for
sliding and sticking surfaces. For the considered case (Ho/Do =
0.25 and μ = 0.6), the SW-sticking proﬁle is better than the
SW-sliding proﬁle while the former describes the averaged pressure
proﬁle only roughly.

4.3 Veriﬁcation of Friction Compensation Models. The SW
compensation models developed for the three types of contact surfaces and other models are veriﬁed here. The compensation models
for the sliding surface is examined ﬁrst. Figure 10 presents the
stress–strain curves measured in the numerical experiment (solid
curves) for specimens with Ho/Do ratios of 0.25 and 0.10 (fairly
thin specimens). These thin specimens have an advantage in examining the compensation models in a rigorous manner because the
amount of friction compensation is higher for a specimen with
lower H/D than for a specimen with higher H/D; the inﬂuence of
friction on the stress state of the specimen is also augmented. The
considered conditions of H/D and μ belong to group A (Fig. 3(b))
except when μ = 0.2 and H/D = 0.1 (this condition belongs to
group B).
In Fig. 8, the solid curve for μ = 0 is the measured pa curve in the
numerical experiment when the Coulomb friction coefﬁcient is
zero. This measured curve is the same as the input property of the
specimen (σo) for the numerical experiment. This consistency indicates the reliability of the current numerical experiment. As the
value of μ increases, the stress–strain curve measured in the numerical experiment (the solid curve) is shifted upward (overestimated),
as anticipated. In Fig. 8, all the considered specimens except when
OCTOBER 2019, Vol. 141 / 101401-7
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Fig. 7 Proﬁles of the averaged pressure and SW proﬁles when the axial strain is 0.16 for the cases when Ho/Do = 0.25 and (a) μ =
0.15, (b) μ = 0.30, and (c) μ = 0.60, which correspond to the nominal contact conditions for sliding (group A), mixed (group B), and
sticking (group C) surfaces, respectively. The radial position is based on the undeformed shape of the specimen.

μ = 0 exhibits signiﬁcant barreling (not shown) similar to the specimen presented in Fig. 4(c).
Figure 8 also shows the stress–strain curves (dashed curves) predicted using various compensation models developed for the sliding
surface: the models of Rand [32], Hill [31], Cha et al. [41], and
SW-sliding [21]. The dashed curves were constructed by multiplying the solid curve when μ = 0(σ0) by the ratio of pa/σo (the friction
compensation model).
In Fig. 8, the dashed curve when μ = 0.2 and Ho/Do = 0.1 (a
mixed-surface condition; see Fig. 3(b)) is added as a comparison
curve to show how the compensation models developed for the
sliding surface (the dashed curves) work for the specimen under
the mixed-surface condition. It is observed in Fig. 8 that, if the condition in terms of μ and Ho/Do belongs to the sliding surface (up to
the μ value of 0.15; group A), the SW-sliding model is remarkably
capable in predicting the stress–strain curve of the barreled specimen (solid curves) down to the Ho/Do ratio of 0.1; it is observed
to be the best among the considered models.
As mentioned, the sliding contact surface itself is not manifested
in the numerical simulation. Such remarkable consistency of the
SW-sliding model to the curves measured in the numerical experiment is achieved because the SW-sliding proﬁle of the pressure
(Eq. (3)) could describe the averaged pressure proﬁle of the barreled
specimen reasonably well (Fig. 7(a)). Therefore, if the condition in
terms of μ and Ho/Do of the specimen belongs to the sliding surface
regime (Fig. 3(b)), it is desirable to use the SW-sliding compensation model.
101401-8 / Vol. 141, OCTOBER 2019

The reliability of the compensation model developed for the
mixed surface is examined next. Figure 9 depicts the stress–strain
curves measured in the numerical experiment (solid curves) for
barreled specimens under the conditions belonging to group B
(Fig. 3(b)). As shown in Fig. 9(a) (Ho/Do = 0.1 and μ = 0.1), the
prediction capability of the SW-mixed model is remarkable.
However, in Fig. 9(b) (Ho/Do = 0.1 and μ = 0.3), the SW-sticking
model is unexpectedly better than the SW-mixed model; the
former predicts pa values (solid curve) reasonably well while
the SW-mixed model describes only roughly. For the case of
Fig. 9(c) (Ho/Do = 0.1 and μ = 0.3), although the SW-mixed
model is the best, it fails to predict pa values (solid curve) reasonably
(describes only roughly). Overall, the prediction capability of the
SW-mixed model is inferior to that of the SW-sliding model for
specimens in the sliding-surface regime (Fig. 8). If the Ho/Do
ratio and μ conditions belonging to the mixed-surface regime
(Fig. 3(b)) are unavoidable, there is no other choice but to use
the SW-mixed model for friction compensation by admitting the
fact that the prediction capability of the SW-mixed model in such
a case is inferior to that of the SW-sliding model for specimens
in the sliding surface regime.
Finally, the reliability of the compensation model developed for
the sticking surface is examined. Figure 10 presents the stress–strain
curves measured in the numerical experiment (solid curves) for
specimens when the Ho/Do and μ condition is in the sticking-surface
regimen (group C in Fig. 3(b)). In the considered cases, the
SW-sticking model is superior to the SW-sliding model.
Transactions of the ASME
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Fig. 8 Stress–strain curves (solid) measured in the numerical experiment and the curves (dashed) predicted
using the compensation models when Ho/Do and μ conditions are in the sliding-surface regime (group A) in
Fig. 3(b) except for the case when μ = 0.2 and Ho/Do = 0.1 (group B). (a) and (b) are for the model of Rand,
(c) and (d) are for the model of Hill, (e) and ( f ) are for the model of Cha et al. [41], and (g) and (h) are for the
SW-sliding model.
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Fig. 9 Stress–strain curves (solid) measured in the numerical experiment and the curves (dashed) predicted using the
compensation models when Ho/Do and μ conditions are in the mixed-surface regime (group B) in Fig. 3(b). The Ho/Do
and μ values are (a) 0.1 and 0.2, (b) 0.1 and 0.3, and (c) 0.25 and 0.3, respectively.

However, the prediction capability of the SW-sticking model
is inferior to that of the SW-sliding compensation model for specimens in the sliding-surface regime (Fig. 8). If the Ho/Do ratio
and μ conditions belonging to sticking-surface regime (Fig. 3(b))
are unavoidable, there is no other choice but to use the SW-sticking
model for friction compensation by admitting the fact that the prediction capability of the SW-sticking model in such a case is

inferior to that of the SW-sliding model for specimens in the
sliding surface regime.
4.4 Further Discussions. In the literature, compensation
models developed for the sliding surface have been generally
used to compensate for the measured stress–strain curve because
the curve is usually measured under a lubricated condition. If the

Fig. 10 Stress–strain curves (solid) measured in the numerical experiment and the curves (dashed) predicted using the
compensation models when the Ho/Do and μ conditions are in the sticking-surface regime (group C) in Fig. 3(b). The Ho/
Do and μ values are (a) 0.25 and 0.6 and (b) 0.1 and 0.6, respectively.
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H/D ratio of the specimen is not very low, the magnitude of compensation itself is small regardless of the type of the compensation
model used. Consequently, the difference resulting from the choice
of the compensation model is also diminished.
All the SW compensation models for the sliding, mixed, and
sticking surfaces consider the plastic ﬂow of the specimen under
axisymmetric compression. However, only the SW-sliding compensation model demonstrates remarkable capability in predicting the
ﬂow stress of the barreled specimen (Fig. 8) because the SW-sliding
proﬁle of the pressure describes the averaged pressure proﬁle of the
barreled specimen reasonably well (Fig. 7(a)).
Therefore, for thin plate specimens in a quasistatic test or a
low-H/D specimen in a high-strain-rate test such as the split Hopkinson bar test [18], direct impact test [19], and plate impact test
[20], it is recommended to use the SW-sliding model for compensating the obtained stress–strain curve. In such a case, it is important to maintain the μ (and H/D) condition in the sliding regime
(Fig. 3(c)) via lubrication.

5 Conclusions
In the SW theory, there are three types of contact surfaces, i.e.,
sliding, mixed, and sticking surfaces, depending on the H/D ratio
of the specimen and μ. The H/D and μ conditions for each type
of contact surface have been examined in this study via numerical
simulation (FE analysis). Judging from (i) the radial proﬁle of the
pressure at the top elements of the specimen and (ii) the radial displacement at the top nodes, it is concluded that the three types of
contact surfaces are not manifested in the numerical simulation.
Nevertheless, when the specimen is under an H/D and μ condition for the sliding surface, the SW-sliding compensation model
is remarkably reliable in predicting the measured stress–strain
curve of the barreled specimen in the numerical experiment down
to the initial H/D ratio of 0.1; the SW-sliding model is the best
among the compared models of Rand, Hill, and Cha et al. This
result originates from the fact that the pressure proﬁle of the SW
theory for the sliding surface describes the averaged pressure
proﬁle of the barreled specimen reasonably well.
If the Ho/Do ratio and μ conditions belonging to the mixedsurface regime or sticking-surface regimen (Fig. 3(b)) are unavoidable, there is no other choice but to use the SW-mixed model or
SW-sticking model, respectively, for friction compensation by
admitting the fact that the prediction capability of the SW-mixed
model and SW-sticking model is inferior to that of the SW-sliding
model for specimens in the sliding surface regime.
Therefore, it is important to maintain the μ (and H/D) condition in
the sliding regime illustrated in Fig. 3(c) via lubrication. Then, it is
recommended to use the SW-sliding model (among other models
developed for the sliding surface) for compensating the experimentally obtained stress–strain curve.
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Nomenclature
k
p
r
A
D
H
R
pa

=
=
=
=
=
=
=
=

constant (=1/√3 = 0.57735)
pressure (axial stress) on the contact surface, Pa
radial position in the cylinder specimen, m
current cross-sectional area of the specimen, m
current diameter of the specimen, m
current height of the specimen, m
initial radius of the cylinder specimen, m
average pressure (stress) on the contact surface. Measured
stress of the specimen under the presence of friction, Pa

Journal of Tribology

pc = critical pressure (stress) above which the phenomenon of
sticking occurs, Pa
rc = critical radius below which p > pc, and thus, sticking occurs, m
Do = initial diameter of the specimen, m
Ho = initial height of the specimen, m
ɛa = axial true strain
μ = coefﬁcient in the Coulomb Friction law
σo = ﬂow stress of the specimen. Friction-free stress of the
specimen (true material property), Pa
σc = circumferential stress of the axisymmetric stress element, Pa
σn = stress of the axisymmetric stress element, Pa
σr = radial stress of the axisymmetric stress element, Pa
τ = frictional shear stress on the contact surface, Pa
τo = maximum frictional shear stress (ﬂow stress in pure shear), Pa
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