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Abstract
The specimen strain rate in the split Hopkinson bar (SHB) test has been formulated based on a one-dimensional
assumption. The strain rate is found to be controlled by the stress and strain of the deforming specimen, geometry
(the length and diameter) of specimen, impedance of bar, and impact velocity. The specimen strain rate evolves as a result
of the competition between the rate-increasing and rate-decreasing factors. Unless the two factors are balanced, the
specimen strain rate generally varies (decreases or increases) with strain (specimen deformation), which is the physical
origin of the varying nature of the specimen strain rate in the SHB test. According to the formulated strain rate equation,
the curves of stress–strain and strain rate–strain are mutually correlated. Based on the correlation of these curves, the
strain rate equation is verified through a numerical simulation and experiment. The formulated equation can be used as a
tool for verifying the measured strain rate–strain curve simultaneously with the measured stress–strain curve. A practical
method for predicting the specimen strain rate before carrying out the SHB test has also been presented. The method
simultaneously solves the formulated strain rate equation and a reasonably estimated constitutive equation of specimen
to generate the anticipated curves of strain rate–strain and stress–strain in the SHB test. An ExcelÕ program to solve the
two equations is provided. The strain rate equation also indicates that the increase in specimen stress during deformation (e.g., work hardening) plays a role in decreasing the slope of the strain rate–strain curve in the plastic regime.
However, according to the strain rate equation, the slope of the strain rate–strain curve in the plastic deformation
regime can be tailored by controlling the specimen diameter. Two practical methods for determining the specimen
diameter to achieve a nearly constant strain rate are presented.
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Introduction
High-strain-rate events, such as crashes of high-speed
transportation means (automobiles, airplanes, and
express trains), high-speed machining, rock/building
blasting, explosive welding, meteorite impact, projectile
penetration, explosion, and blast impact, need an indepth understanding of physics behind the events to
achieve a reliable design of solids and structures associated with the events. Relying solely on experimental
approaches for the design/understanding of the highstrain-rate behaviour of solids and structures may not
be practical because of the burden of cost and time; however, an experimental veriﬁcation of the design result is
inevitable. Modelling and simulation (M & S)1–7 helps
one to understand the evolution of the high-strain-rate
phenomena on a step-by-step basis and is a time- and
cost-eﬃcient design approach. Therefore, it is advantageous to combine the M & S-based design with experimental veriﬁcation of the mechanical behaviour of solids
and structures exposed to high-strain-rate events.

For the M & S-based design/understanding of the
high-strain-rate behaviour of solids and structures, a
strain rate-dependent constitutive model8–11 is indispensable (together with the fracture model and equation of state, if necessary). A number of uniaxial
stress–strain curves measured precisely at a wide
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range of strain rates12–23 are required for the calibration of the strain rate-dependent constitutive model.
The split Hopkinson bar (SHB),24,25 which is also
called the Kolsky bar, has been used extensively for
measuring the uniaxial stress–strain curves of various
materials at high strain rates (102 to 104 s1). The fundamental theory and applications of SHB are well
described in the literature (books26–29 and review
papers30–34). The SHB is used to determine the
dynamic stress–strain curves of not only metals12–23
but also non-metallic materials35–45 such as ceramics,
concrete, rocks, soil (sand), plastics, rubber, foam,
honeycombs, wood, and various types of composites.
In the SHB test, the reﬂected pulse monitored in the
input bar represents the specimen strain rate.25–34
Despite the ﬂuctuating nature of pulses in the elastic
bar, the magnitude of the reﬂected pulse (the strain
rate) often decreases/increases signiﬁcantly with time
(with specimen deformation).46–50 For the maximal
utilisation of the SHB, it is necessary to understand
the varying nature (evolution) of the specimen strain
rate in the SHB test from the viewpoint of mechanical
science. Such fundamental understanding may lead to
ﬁnding practical means of solving issues to be cleared
in the SHB test, which will be described in the succeeding paragraphs. In the literature, however, the physical
origin of the varying nature of the specimen strain rate
in the SHB test has not been well studied. In this
regard, the primary, and probably the most important,
purpose of this study is to ﬁnd out the physical origin
of the varying nature of specimen strain rate in the
SHB test. For this purpose, this study formulates the
evolution of specimen strain rate in the SHB test as a
function of the specimen strain. The formulation process is presented in the Formulation of strain rate
equation section. The physical origin of the varying
nature of specimen strain rate in the SHB test will be
presented using the formulated strain rate equation.
In the literature, the reliability of the measured
stress–strain curve has been veriﬁed by checking the
coincidence of stresses at the front and back surfaces
of the specimen (stress equilibrium).49–56 However, as
for the reliability of the strain rate–strain curve of
specimen, which is also required for the calibration
of a strain rate-dependent constitutive model, there
has been no direct tool to verify the measured
result. If a method for verifying the measured strain
rate–strain curve is available, it can also be veriﬁed,
improving the reliability of the SHB test. In this
regard, the second purpose of this study is to present
a method for verifying the measured strain rate–strain
curve simultaneously with the measured stress–strain
curve using the formulated strain rate equation based
on the correlation of the strain rate–strain curve with
the stress–strain curve; the strain rate equation
describes the relationship between the two curves.
In the SHB test, the unknown stress–strain curve of
the specimen is determined at a target strain rate. The
issue is that the specimen strain rate is also unknown.
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The state-of-the-art technology to obtain the target
strain rate in the SHB test relies on trials or previous
experience. The actually manifested specimen strain
rate in the SHB test can be revealed only after the
experiment is ﬁnished. In the literature, it is diﬃcult
to ﬁnd a method for predicting the specimen strain rate
before carrying out the SHB test. If a method for predicting the specimen strain rate is available, it should
be useful for the design of the experiment. In this
regard, the third purpose of this study is to present a
practical method for predicting the specimen strain
rate before carrying out the SHB test: the method simultaneously solves the formulated strain rate equation
and a reasonably estimated constitutive equation of
the specimen, which results in the anticipated curves
of strain rate–strain and stress–strain in the SHB test.
An ExcelÕ program for solving the two equations is
provided in the Supplemental Material.
The fourth purpose of this study is to present a
method for predicting the maximum specimen strain
in the SHB test, which is also unavailable in the current technology. To predict the maximum specimen
strain, the presented method combines the strain
rate–strain curve with the pulse duration time. Such
an algorithm is also included in the ExcelÕ program.
As mentioned, the specimen strain rate usually
varies during the SHB test. From the viewpoint of
measuring the material properties or investigating a
dynamic phenomenon at a given strain rate, it is necessary to control the specimen strain rate in the SHB test
to achieve a constant strain rate. In this regard,
researchers employed the pulse shaping techniques,28,57–65 that utilise a conical striker, dummy specimen, or tip material to obtain a nearly constant
strain rate. The achieved nearly constant strain rate
using these techniques can be conﬁrmed from the
result of numerical analyses. However, a theorybased understanding of the achieved result using the
above-mentioned techniques is limited because there
are no analytical expressions describing the reason
for achieving a nearly constant strain rate available.
The process of achieving a nearly constant strain rate
in these techniques is an iterative process based on an
open loop control,28 which means that the iteration
process does not need the feedback of the previous
result. The conditions for achieving a nearly constant
strain rate depend on the unknown properties of the
specimen to be tested such as the dynamic stress–strain
curve. The conditions of the constant strain rate also
depend on the impact velocity and specimen geometry.
The reason for such dependencies of the constantstrain-rate conditions in the pulse shaping techniques
is currently unavailable. If a theory-based method for
achieving a nearly constant strain rate in the standard
SHB test (without the aid of the pulse shaper or conical
striker) is available, the method will allow researchers
to readily understand why a nearly constant strain rate
was achieved in their test and may serve as an informative method for achieving a nearly constant strain
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rate. In this regard, this study ﬁnally aims at presenting
a theory-based method for tailoring the slope of the
strain rate–strain curve based on the formulated strain
rate equation by simply controlling the specimen diameter. Two practical methods to determine the specimen
diameter for achieving a nearly constant strain rate are
presented.
In this study, the term ‘rate’ means the ‘strain rate’
hereafter. The term ‘rate–strain curve’ will be used preferably to the term ‘strain rate–strain curve’ for improving readability. The term ‘rate equation’ is used
interchangeably with the term ‘strain rate equation’.
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this study for the compression-mode SHB: a positive
sign is assigned to the compressive property and lefttravelling direction. As can be observed in Figure 1, the
signs of the stress (strain) and particle velocity are the
same for the left-travelling wave (reﬂected pulse)
while they are opposite to each other for the right-travelling wave (incident and transmitted pulses).
The average (engineering) strain rate of a
deforming specimen in the compression-mode SHB
is given by
e_ ¼ de=dt ¼ ½V1 ðtÞ  V2 ðtÞ=L

ð1Þ

The rate of the true strain is expressed as

Formulation of strain rate equation
Assumptions
This study employs the same assumptions as those of
the fundamental (one-dimensional) theory of SHB25–34:
i.

The velocity of the elastic wave in the bars is
described by a slender rod (one-dimensional)
approximation (Co ¼ (Eo/o)1/2).
ii. The specimen expands freely along the radial direction (no friction between the specimen and the
bars) while it deforms axially.
iii. There is no inertia in the specimen and bars.
iv. The specimen deforms uniformly along the
axial direction; the stress and strain of the specimen at the front surface of the specimen are
the same as those at the rear surface of the specimen; this stress uniformity of the specimen results
in the force equilibrium between the ends of the
bars, which are in contact with the specimen.

Formulation
This study considers the compression-mode SHB following the original inception of the SHB. Figure 1 schematically illustrates the sign convention employed in

"_ ¼ d"=dt ¼ ½V1 ðtÞ  V2 ðtÞ=Lc

ð2Þ

This study pursues an analytical formulation of the
strain rate in a closed form by expressing V1 and V2 in
terms of the specimen stress and substituting them
into equation (1) or (2). Here, V2 is formulated ﬁrst,
followed by V1.
V2 at a given moment during specimen deformation is25–34
V2 ¼ Up2 ¼ 2 =o Co ¼ Ac =Ao o Co

ð3Þ

where Up2 is the particle velocity at the output bar, r2
is the stress at the output bar, Ac is the current crosssectional area of the specimen, and r is the true stress
of the specimen. In equation (3), a negative sign
appears between the stress and particle velocity
because Up2 ( ¼ –r2/oCo) is for the right-travelling
wave (r2 is positive).
To develop the expression for V1, it is assumed that
a force equilibrium between the bars (F1 ¼ F2;
rIþrR ¼ rT) is achieved. Then, rR ( < 0) is
R ¼ T  I ¼

Ac
1
  o Co Vo
2
Ao

ð4Þ

In equation (4), the relationship for rI ( ¼ oCoVo/2)
results from the momentum conservation between the
striker and the input bar.27 Here, Vo is set as positive.
Because the reﬂected pulse is a left-travelling wave,
the signs of UpR and  R are the same:
UPR ¼

R
Ac 
Vo
¼

o Co Ao o Co
2

ð5Þ

In equation (5), the expression for rR in equation (4)
is applied. The expression for V1 ( ¼ UpIþUpR; UpI ¼ –
Vo/227) is given by
V1 ¼ UpI þ UpR ¼ Vo þ Ac =Ao o Co
Figure 1. Sign convention for the compression-mode SHB,
which is employed in this study. A positive sign is assigned to
the compressive property and left-travelling direction. The
numbers 1 and 2 denote the end surfaces of the input bar and
output bar, respectively. The profile of the pulse is concave for
compression and convex for tension.

ð6Þ

By substituting V1 and V2 into equation (2), the
_ of the deforming specimen
rate of the true strain (")
is obtained as


1
2Ac 
"_ ¼
Vo 
ð7Þ
Lc
Ao o Co
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From the assumption of incompressibility of a uniformly deforming specimen, i.e. AcLc ¼ AL, the following relationships are established

compression-mode
equations are

SHB

ð8Þ

"_ ¼ 

Ac ¼ A=expð"Þ

ð9Þ



1
2A
Vo þ
s
e_ ¼ 
L
Ao o Co

Equation (10) is the strain rate equation (or simply the
rate equation) referred in this study.
_ of the deformThe rate of the engineering strain (e)
ing specimen is obtained by substituting V1 (equation
(6)) and V2 (equation (3)) into equation (1):


1
2Ac 
Vo 
e_ ¼
L
Ao o Co

ð11Þ

Ac and r in equation (11) can be expressed in terms of
engineering properties (e is positive)
Ac ¼ A=ð1  eÞ

ð12Þ

 ¼ sð1  eÞ

ð13Þ

2),



1
2A
Vo þ

L expð"Þ
Ao o Co expð"Þ

Lc ¼ Lexpð"Þ

where Lc < L and Ac > A in compression (e is positive). By applying these relationships to equation
(7), the rate of the true strain of the deforming specimen is obtained as


1
2A
Vo 

ð10Þ
"_ ¼
L expð"Þ
Ao o Co expð"Þ

(Figure

the

rate

ð15Þ

ð16Þ

_ and e_ are negative
In the above equations, r, s, e, e, ",
(Vo is set as positive).
For the tension-mode SHB, a positive sign is generally assigned to the tensile property and right-travelling direction (Figure 3). In such a case, the rate
equations are

"_ ¼



1
2A
Vo 

L expð"Þ
Ao o Co expð"Þ



1
2A
Vo 
s
e_ ¼
L
Ao o Co

ð17Þ

ð18Þ

_ and e_ are positive
In the above equations, r, s, e, e, ",
(Vo is set as positive).

Methods
Numerical simulation

In the ﬁnal rate equations (equations (10) and (14))
for the compression-mode SHB, the sign of r, s, e, e,
_ and e_ is positive (Vo is set as positive).
",
If a positive sign is assigned to the tensile
property and right-travelling direction for the

The SHB experiment was simulated via an explicit
ﬁnite element analysis. Considering the axial symmetry of the SHB system, only half of the two-dimensional axi-symmetric geometry was discretised using
four-node bilinear axi-symmetric quadrilateral elements. No friction was considered between the contact
surfaces. The number of elements in each section of
the discretised region is listed in Table 1. These elements passed a mesh sensitivity test, which was carried
out separately.

Figure 2. Sign convention for the compression-mode SHB
when a positive sign is assigned to the tensile property and
right-travelling direction. The profile of the pulse is concave for
compression and convex for tension.

Figure 3. Sign convention for the tension-mode SHB.
A positive sign is assigned to the tensile property and righttravelling direction. The profile of the pulse is concave for
compression and convex for tension.

Then, the rate of engineering strain is


1
2A
Vo 
s
e_ ¼
L
Ao o Co

ð14Þ
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Table 1. Dimensions of SHB system considered in the
numerical simulation and number of elements in the finite
element model.

Striker
Input bar
Specimen
Output bar

Diameter
(mm)

Length
(mm)

No. of
elements

25.4
25.4
3.81–22.86
25.4

350
2000
5
1000

3500
20,000
40–230
10,000

Table 2. Density and elastic properties of the annealed
OFHC copper specimen and bar considered in the numerical
simulation.

Bar
Specimen

Density
(kg/m3)

Elastic
modulus (GPa)

Poisson’s
ratio

8000
8940

193
115

0.29
0.31

Table 3. Constitutive parameters of the JC model for
annealed OFHC copper8
a
(MPa)

b
(MPa)

n

c

"_o
(s1)

m

Tm
( C)

Tref
( C)

90

292

0.31

0.025

1

1.09

1083

25

Table 4. Specimen geometry and impact velocity in the SHB
experiment.
D/Do

0.7

0.4

0.2

D (mm)
L (mm)
Vo (m/s)

17.83
5.04
10.06

10.17
4.98
10.70

5.11
5.02
10.06

Two diﬀerent impact velocities (10 or 20 m/s) were
considered in the numerical simulation (the impact
velocity is speciﬁed when presenting the simulation
result later). A commercial ﬁnite element package,
ABAQUS/Explicit,66 was used as the solver.
In the post-processing of numerical analysis, the
bar signals, eR ðtÞ and eT ðtÞ, were extracted by averaging the true strains of two elements (sensor elements) at the surfaces of the input and output bars,
respectively. The sensor elements at each bar were
located at distances of 1000 and 300 mm, respectively,
from the specimen. Curves of engineering stress–
strain and engineering rate–strain were determined
(measured) using the bar signals (eR ðtÞ and eT ðtÞ;
pulse records) via a one-wave analysis of the SHB
theory:25–34
s¼

Ao
Eo eT ðtÞ
A

2Co
eR ðtÞ
L
Z
2Co t
e¼
eR ðtÞdt
L o

e_ ¼ 
The ﬂow stress of specimen material was described
using the Johnson–Cook (JC) constitutive model:8

  

 
T  Tref m
"_
pl
n
 ¼ ½a þ b"  1 þ c ln
1
Tm  Tref
"_o
ð19Þ
The properties of the materials used for the numerical simulation are given in Tables 2 and 3. Copper
is considered in this study as the specimen material
unless otherwise speciﬁed; it is one of the representative work-hardening materials and has been tested
extensively using the standard SHB instrument.
This study ﬁrst considered the case where the specimen property is independent of the strain rate and
temperature (simulation case 1); only the ﬁrst bracket
in equation (19) was used to describe the ﬂow stress.
Then, the case where the ﬂow stress of the specimen is
dependent on the strain rate and temperature (simulation case 2) was considered; all three brackets in
equation (19) were considered. For such a purpose,
the specimen was assumed to deform adiabatically.
For adiabatic deformation, a speciﬁc heat value of
383 Jkg1K1 was set and 90% of the plastic work
was assumed to be converted to heat.
The striker travelled at a constant velocity until it
impacted onto the input bar, which was 1 mm away.

ð20Þ
ð21Þ

ð22Þ

Experiment
The as-received oxygen-free copper (OFC) specimen
was machined to have relative diameters (D/Do) of
0.7, 0.4, and 0.2 at a nominal thickness of 5 mm.
The machined specimen was annealed at 600 C for
2 h in ﬂowing N2–10%H2 atmosphere. The ﬂow rate
was 1 L/min in an alumina tube with 60 mm in inner
diameter. The top/bottom surfaces of the specimens
were polished using diamond pastes with 15, 6, 3, and
1 lm in average particle diameter (in sequence).
The ﬁnal geometry of the specimens is presented in
Table 4.
The SHB system used in this study was made of
maraging steel. The dimensions of the SHB system
used in the experiment were the same as the dimensions considered for the numerical simulation
(Table 1). An aliquot of lubricant was applied at the
contact surfaces between the bars and specimen. No
pulse shaper was used intentionally as this study
focuses on the standard SHB. The SHB testing of
the specimens was carried out at a nominal impact
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velocity of 10 m/s (detailed impact velocities are listed
in Table 4) at ambient temperature.
The curves of engineering stress–strain and engineering rate–strain were measured by treating the bar
signals via one-wave analysis (equations (20) to (22)).
They were converted to curves of true stress–strain
and true rate–strain by assuming that the specimen
is incompressible (at Poisson’s ratio of 0.5) and
deforms uniformly although, in the elastic regime,
the specimen is compressible according to the
Poisson’s ratio of 0.31 (Table 1). This limitation
exists only in the elastic part of deformation because
the plastic deformation of a metallic specimen is
incompressible. The same conversion process was
applied as well in obtaining the curves for the true
stress–strain and true rate–strain from the engineering
properties in the post-processing of numerical
analysis.

Results and discussion
Numerical verification of rate equation
The formulated strain rate equation (equation (10))
indicates that if the stress (r) of the specimen at a
_ at the
given strain (e) is known, the strain rate (")
given strain (e) can be determined: an (e, r) data
_ data point via
point can be converted to an (e, ")
the rate equation. In other words, if a stress–strain
curve is applied into equation (10), the corresponding
rate–strain curve is obtained.
Equation (10) also indicates that if the strain rate
_ at a given strain (e) is known, the stress (r) at the
(")
_ data point
given strain (e) can be determined: an (e, ")
can be converted to an (e, r) data point via the rate
equation. In other words, if a rate–strain curve is
applied into equation (10), the corresponding stress–
strain curve is obtained.

(a)

This section veriﬁes equation (10) via a numerical
simulation of the SHB test. For this purpose, simulation case 1, which employed a rate- and temperatureindependent specimen, was carried out (veriﬁcation via
simulation case 2 will also be carried out later in this
study). The deﬁned stress–strain property of the specimen prior to the numerical simulation (case 1) is
presented in Figure 4(a) as curve S*. If any instrument
and its theory for measuring the stress–strain curve of
the specimen are correct, curve S* should be measured
using the given instrument and its theory.
In a real experiment, the axial strain signals monitored in the bars (eR ðtÞ and eT ðtÞ) are used to measure
the curves of stress–strain and rate–strain based on
the SHB theory, e.g. equations (20) to (22). In the
post-processing of the simulation result, the curves
of stress–strain and rate–strain were also determined
using the bar signals via equations (20) to (22). These
curves constructed using the bar signals following the
experimental procedure are named in this study as the
‘measured’ curves of stress–strain and rate–strain
although the bar signals were obtained via the
simulation.
The measured stress–strain curve using the bar signals in the simulation is presented in Figure 4(a) as
curve S. Curve S ﬂuctuates with strain; the reason for
such ﬂuctuation will be described later. In the real
experiment, only the ﬂuctuating curve S is measured.
The two curves (S* and S) are consistent in that the
measured curve S ﬂuctuates around curve S* (the true
material property deﬁned prior to the numerical analysis). Indeed, the true material property (curve S*)
manifests itself in the SHB test via the ﬂuctuating
curve S, which was measured using the bar signals.
The consistency of the two curves (S* and S) numerically veriﬁes the reliability of the SHB test: the SHB
theory of measurement (equations (20)–(22)) and the
instrument considered in this study (Tables 1 and 2)
are reliable.

(b)

True stress (MPa)

Rate of true strain (1/sec)

4000

300

S*

200
S

D/D o = 0.9
Vo = 20 m/s
T = Tref

100

0
0.00

0.05

0.10

0.15

True strain

0.20

0.25

Eq. (23)

3000

R*

R

2000

D/D o = 0.9
Vo = 20 m/s
T =Tref

1000

0
0.00

0.05

0.10

0.15

0.20

0.25

True strain

Figure 4. (a) Stress–strain curves and (b) rate–strain curves of simulation case 1 that used the specimen with a rate- and temperature-independent flow stress.
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In Figure 4(b), curve R* was obtained by applying
the deﬁned stress–strain curve (S*) of the specimen
into equation (10). According to the rate equation
(equation (10)), curve R* is the rate of specimen that
should be manifested (measured) in the SHB test if the
specimen property is curve S*. Included in Figure 4(b)
is curve R (the measured rate–strain curve using the
bar signals), which is ﬂuctuating with strain; the
reason for such ﬂuctuation is described in the next
paragraph. In the real experiment, only the ﬂuctuating
curve R is measured. The two curves (R* and R) are
consistent in that the measured curve R ﬂuctuates
around the predicted curve R* using the rate equation. Indeed, the predicted rate–strain curve using
equation (10), i.e. curve R*, manifests itself in the
SHB instrument via the ﬂuctuating curve R, which
was measured using the bar signals. The consistency
of the two curves (R* and R) numerically veriﬁes the
formulated rate equation.
As already shown in Figure 4, the measured curves
of S and R ﬂuctuate signiﬁcantly. Such ﬂuctuation
occurs because the bar signals (eR ðtÞ and eT ðtÞ) themselves oscillate with time, resulting in the ﬂuctuation
in the measured curves S and R using the bar signals.
Such oscillation of the elastic wave in the bar results
from inertia in the radial expansion of the bar67 (the
radial inertia eﬀect is coupled with axial acceleration68) and wave dispersion.69,70 Such eﬀects of inertia and wave dispersion inevitably appear in the elastic
bar while such eﬀects are not considered in the fundamental assumptions of the SHB; the same assumptions were employed in the derivation process of
equation (10) (Assumptions section). Therefore, different from the measured curves S and R using the bar
signals, there is no oscillation in curve R* predicted
via the rate equation (equation (10)) from the nonoscillating curve S* (which is the true material property of the specimen deﬁned prior to the numerical
simulation).
Although remarkable consistency was observed
between the curves R and R* in the plastic deformation regime (Figure 4(b)), there is a notable diﬀerence between the two curves in the small strain regime
(up to the strain value of approximately 0.02 in
the case of Figure 4(b)). In the fundamental (onedimensional) theory of SHB,24–35 a rectangle-shaped
incident pulse (see Figures 1–3) is assumed to be incident to the specimen owing to the assumption of no
inertia: the slope of the stress–time (strain–time) curve
in the rising part of the pulse is assumed to be inﬁnite.
It is further assumed that the stresses in the front and
back surfaces of the specimen are the same (stress
equilibrium; stress uniformity) even from the beginning of specimen deformation. Therefore, in the
fundamental theory of the SHB, the characteristics
of the specimen are assumed to manifest themselves
from the beginning of specimen deformation in
the SHB test. As the rate equation was derived
under the same assumptions as the theory of the
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SHB, it also predicts that the rate of the specimen
(curve R*) is manifested from the moment when the
specimen deformation starts, i.e. when the specimen
strain starts to increase from the value of zero. In
Figure 4(b), the y-intercept value of curve R* constructed using the rate equation (equation (10)) is
the predicted specimen strain rate when the specimen
stress is zero at the strain value of zero (when the
specimen starts to deform).
However, in reality, the slope of the rising part
of the elastic pulse being incident to the specimen is
ﬁnite because of the presence of (i) inertia. In particular, the front part of the stress pulse oscillates
considerably because of inertia and (ii) wave dispersion. Furthermore, at the initial stage of specimen
deformation, (iii) the uniformity of the specimen
stress is not yet achieved. Owing to these three
fundamental reasons (i)–(iii), it is well known71–75
that the characteristics of the specimen in the SHB
test cannot manifest themselves fully (properly) in
the small strain regime, yielding the discrepancy
between the fundamental theory of SHB and the measured curves (S and R). Because the specimen stain
rate (curve R*) is not yet fully manifested in the SHB
test at the initial stage of specimen deformation, there
is a notable diﬀerence between the predicted curve R*
using the rate equation (derived under the same
assumptions as the fundamental theory of SHB) and
the measured curve R in the SHB test in the small
strain range.
In this section, the rate equation was veriﬁed
numerically using the rate- and temperature-independent constitutive model (simulation case 1). The rate
equation will also be veriﬁed both numerically (simulation case 2) and experimentally based on the correlation of the measured curves of stress–strain and rate–
strain (Method for verifying the measured curves of
rate–strain and stress–strain section). It will be veriﬁed numerically again in the Practical method of
predicting the rate–strain curve section using the
rate- and temperature-dependent constitutive model
(simulation case 2).

Physical origin of the varying nature of strain rate
in the SHB test
According to the formulated rate equation (equation
(10)), the specimen strain rate is found out to be controlled by the stress and strain of the specimen during
deformation, geometry (the length and diameter) of
specimen, impedance of bar, and impact velocity. To
reveal the varying nature (evolution) of the strain rate
with strain (specimen deformation), the formulated
rate equation (equation (10)) is analysed as follows.
The rate equation is composed of two terms. The
ﬁrst term in the right side of equation (10), i.e. Vo
exp(e)/L, increases the magnitude of the rate with
strain (e is positive). On the other hand, the second
term, i.e. –2Ar exp(2e)/(AooCoL), decreases the
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magnitude of the rate with strain (r is positive).
Therefore, the specimen strain rate evolves as a
result of the competition between the rate-increasing
ﬁrst term and rate-decreasing second term. Unless the
ﬁrst and second terms are balanced, the specimen
strain rate generally varies (decreases or increases)
with strain (with specimen deformation), which is
the physical origin of the varying nature of the specimen strain rate in the SHB test.
The competition between the rate-increasing ﬁrst
term and the rate-decreasing second term is discussed
here using the relative area (A/Ao) of the specimen
and the stress of the specimen (r), which appear
only in the second term. When the rate-decreasing
second term is more dominant (when the magnitudes
of r and A/Ao are considerably large), the strain rate
decreases (with strain) in the plastic deformation
regime, as can be observed in Figure 4(b) (and later
in Figures 5(b) and 8(b)). When the rate-decreasing
second term is negligible (when the magnitudes of r
and/or A/Ao are overly diminished) and thus the rateincreasing ﬁrst term is dominant, the strain rate
increases (with strain) in the plastic deformation
regime. Such cases will be illustrated later in Figures
10 and 11.
In the literature, there has been no theory describing the varying nature of the specimen strain rate
with deformation. Only the maximum limit of the specimen strain rate was described by the empirical
relationship33,34
_
"4V
o =L

ð23Þ

The maximum rate limit predicted using equation (23)
is indicated in Figure 4(b) by the dashed horizontal
line. This line is drawn only up to a limited strain to
avoid complexity. By purely judging from the result of
Figure 4(b), where the strain rate decreases with strain
because the rate-decreasing second term is dominant,
equation (23) seems to predict the upper bound of the
strain rate while equation (10) (curve R*) predicts a
detailed change in the strain rate within the bound.
However, when the rate-decreasing second term is
diminished (when the magnitudes of r and/or A/Ao
are diminished), as will be illustrated later in Figures
10 and 11, equation (23) turns out to be invalid while
equation (10) still predicts the strain rate reasonably
even in such cases.
According to the second term of the rate equation,
a higher strain rate is manifested in the SHB test if the
ﬂow stress of the specimen is low and vice versa for a
high-stress (high-strength) specimen. This phenomenon is physically interpreted as follows. If a specimen
exhibits a low stress, the input bar can push the specimen suitably (V1 is high) while a low-stress (soft)
specimen such as the foam material cannot push
the output bar suitably (V2 is low). According to
Eqs. (1) and (2), such phenomena result in a higher
magnitude of strain rate at a given impact velocity. If

the specimen exhibits a high stress, the opposite result
appears.
A ﬁnal note on what the rate equation indicates is
the inﬂuence of work hardening of the specimen on
the strain rate. According to the second term of the
rate equation (–2Ar exp(2e)/(AooCoL)), work
hardening, i.e. the increase in specimen stress (r)
with strain (e), augments the magnitude of the ratedecreasing second term with strain. Therefore, the
phenomenon of work hardening certainly plays a
role to decrease the slope of the rate–strain curve in
the plastic deformation regime.

Method for verifying the measured curves of
rate–strain and stress–strain
Correlation of measured curves of stress–strain and rate–
strain. In the Numerical veriﬁcation of rate equation
section, the deﬁned stress–strain curve of the specimen
(curve S*) was converted via the rate equation to
obtain the anticipated rate–strain curve in the SHB
test (curve R*) for the purpose of verifying the formulated strain rate equation. It is evident that curve
R* can also be converted back to curve S* via the
strain rate equation. Therefore, the deﬁned stress–
strain curve of the specimen (curve S*) and the anticipated rate–strain curve in the SHB test (curve R*) are
correlated with each other via the rate equation.
It is noted that the measured curves of stress–strain
(S) and rate–strain (R) using the bar signals (equations (20) to (22)) can also be converted to each
other via the rate equation. In this study, the converted rate–strain curve from the measured stress–
strain curve (S) is named R**. According to the rate
equation, if the experiment is to be valid (if the curves
S and R were measured reliably in experiment), the
curves R and R** should be coincident. The correlation of the measured curves of stress–strain (S) and
rate–strain (R) can be checked from the coincidence
of the curves R and R**.
Similarly, the converted stress–strain curve from
the measured rate–strain curve (R) is named S** in
this study. If the experiment is to be valid (if the
curves S and R were measured reliably in experiment),
the curves S and S** should be coincident.
The correlation of the measured curves of stress–
strain (S) and rate–strain (R) can also be checked
from the coincidence of the curves S and S**.
In the next sections, whether or not the measured
curve S is correlated with the measured curve R (i.e.
whether or not the coincidence of curves S–S** as well
as R–R** predicted by the rate equation is true) will
be veriﬁed numerically ﬁrst. Then, the correlation
(coincidence) will be veriﬁed experimentally, followed
by further discussions on the meaning and utilisation
of the correlation (coincidence) phenomenon.
Numerical verification of correlation. The numerical
simulation of the SHB test was carried out using the
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the ﬂuctuating curves of S and S** coincide remarkably. Therefore, the measured stress–strain curve (S)
is veriﬁed to be correlated with the measured rate–
strain curve (R) via curve S**.

rate- and temperature-dependent constitutive model
(case 2) of the specimen. The curves of stress–strain
(S) and rate–strain (R) were constructed using the bar
signals (equations (20) to (22)) and the results are
shown in Figure 5.
To verify whether the measured curves of S and R
are correlated with each other, curve S in Figure 5(a)
was applied into the rate equation. The converted
curve is shown in Figure 6 as curve R**. Included in
Figure 6 is the measured curve R. As can be observed
in Figure 6, the ﬂuctuating curves of R and R** coincide remarkably. Therefore, the measured rate–strain
curve (R) is veriﬁed to be correlated with the measured
stress–strain curve (S) via curve R**.
Curve R in Figure 5(b) was also applied into the
rate equation. The converted curve is shown in
Figure 7 as curve S**. Included in Figure 7 is the
measured curve S. As can be observed in Figure 7,
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Experimental verification of correlation. The experimentally measured stress–strain curve of the OFC
specimen with a D/Do ratio of 0.7 is shown in
Figure 8(a) as curve S. In Figure 8(b), curve R is the
experimentally measured rate–strain curve. The measured curve S was applied into the rate equation
and the converted rate–strain curve is presented as
curve R**. A remarkable consistency of curves R
and R** is observed, which experimentally veriﬁes
the correlation of the measured curves of S and R
via curve R**.
The experimentally measured curve R in Figure
8(b) was also applied into the rate equation and the
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Figure 5. (a) Stress–strain curves and (b) rate–strain curves constructed using the bar signals obtained in numerical simulation case
2 that used the specimen with a rate- and temperature-dependent flow stress.
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Figure 6. Rate–strain curves obtained via numerical simulation (case 2) for cases where the initial temperatures of specimen were
(a) 25  C and (b) 500  C. The curve R in each figure was determined using the bar signals and curve R** was obtained by applying curve
S (in Figure 5(a)) into equation (10).
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Figure 7. Stress–strain curves obtained via numerical simulation (case 2) for cases where the initial temperatures of specimen were
(a) 25  C and (b) 500  C. The curve S in each figure was determined using the bar signals and curve S** was obtained by applying curve
R (in Figure 5(b)) into equation (10).
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Figure 8. Experimentally obtained curves of (a) stress–strain and (b) rate–strain of an annealed OFC copper specimen. Curve S is
the stress–strain curve obtained using the bar signals, and curve S** was determined by applying curve R into equation (10). Curve R is
the rate–strain curve obtained using the bar signals, and curve R** was determined by applying curve S into equation (10).

converted stress–strain curve is presented as curve S**
in Figure 8(a). Again, a remarkable consistency
between curves S and S** is observed, which experimentally veriﬁes the correlation of the measured
curves of S and R via curve S**. The correlation of
the experimentally measured curves of stress–strain
and rate–strain for the specimens with D/Do values
of 0.4 and 0.2 is also presented later in Figure 11
and in the Supplemental Material available online.
Discussion on the correlation. As mentioned, the rate
equation indicates that the measured curves of
stress–strain (S) and rate–strain (R) are correlated.
This point was veriﬁed both numerically and
experimentally in the previous sections by demonstrating that the curves S and S** are coincident as
well as the curves R and R**. Therefore, for

the experiment and the bar-signal processing to be
valid, the curves of S and R should reasonably coincide with S** and R**, respectively, as illustrated
in Figures 6 to 8. In this regard, the rate equation
can be used as a tool to verify the measured rate–
strain curve simultaneously with the measured
stress–strain curve, i.e. the reliability of the experiment. If the coincidence is not conﬁrmed, it is necessary to check the experimental procedure or
calibration of the SHB. The correlation method presented here can be used for the calibration of the SHB
system as well.
As mentioned, the method that has been used in
the literature to verify the measured stress–strain
curve is comparing the stresses on the front and
back surfaces of the specimen (stress equilibrium).49–56 This method should be able to verify the
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measured stress–strain curve because the stresses on
the specimen surfaces are checked; these stresses are
measured from the signals of the input and output
bars, respectively.25–34 However, as mentioned, it is difﬁcult to ﬁnd a tool to verify the measured rate–strain
curve in the literature. The correlation method using
the rate equation here is independent of the stress-equilibrium method and checks the reliability of not only
the measured stress–strain curve but also the measured
rate–strain curve. Using the correlation method
together with the stress-equilibrium method will
enhance the veriﬁcation tool, contributing to the maximal utilisation of the SHB.
In Figures 5(b) and 8(b), the measured curve R is
highly ﬂuctuating. Despite this highly ﬂuctuating
nature, it is certain that curve R in the considered
cases decreases signiﬁcantly in the plastic deformation
regime. To clearly present the decreasing nature of the
rate–strain curve in the plastic regime, a less-ﬂuctuating rate–strain curve needs to be extracted from the
highly-ﬂuctuating curve R. However, in practice, it is
generally diﬃcult to reasonably extract a representative (less ﬂuctuating) rate–strain curve solely by using
curve R. In this regard, the intersection points
between curves R and R** (Figures 6 and 8(b)) can
be used to suitably extract a less-ﬂuctuating rate–
strain curve in the plastic regime. For instance, the
intersection points in the plastic regime can be leastsquare ﬁtted or nonlinearly curve-ﬁtted to appropriate
functions such as linear, hyperbolic, or polynomial
functions; the type of the ﬁtting function can be
selected when the discrepancy between the considered
ﬁtting curve and the intersection points are minimal
among the tested ﬁtting functions. The representative
rate–strain curve extracted in this way (the ﬁtted curve
to the intersection points in the plastic regime) can be
used for the calibration of a rate-dependent constitutive model.
The intersection points between curves S and S**
are not as useful as the intersection points between R
and R** in the processing of the stress–strain curve
(S) because curve S to be smoothed is generally less
ﬂuctuating compared with curve R. Nevertheless, the
intersection points between curves S and S** can still
be considered in the process of extracting a representative (less-ﬂuctuating) stress–strain curve, which can
be used for the calibration of the constitutive model.
What the rate equation (equation (10)) describes is
the relationship between the stress–strain curve and
rate–strain curve. Therefore, the numerical (simulation case 2) and experimental veriﬁcations of this relationship in the previous sections are indeed also the
numerical and experimental veriﬁcations of the formulated rate equation itself.

Practical method of predicting the rate–strain curve
As mentioned, the state-of-the-art technology to
obtain the target strain rate in the SHB test relies on
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trials or previous experience for specimens with similar property and geometry to those of the current specimen. In this section, it is numerically veriﬁed ﬁrst
whether predicting the rate–strain curve is possible
using the rate equation and a given constitutive equation. Then, a discussion on the practical method to
predict the rate–strain curve prior to the experiment
follows.
Numerical verification of the method. The employed constitutive equation (equation (19)) describes the rela_ of
tionship between the stress (r) and strain rate (")
the specimen at a given strain. Using solely equation
(19), the stress (r) of the specimen cannot be deter_ is
mined at a given strain unless the strain rate (")
known. However, note that the rate equation, equation (10), also describes the relationship between the
_ of the specimen at a given
stress (r) and strain rate (")
strain. Therefore, if equations (10) and (19) are solved
_ of the
simultaneously, the stress (r) and strain rate (")
specimen can be obtained simultaneously at a given
strain.
In this study, equations (10) and (19) were solved
numerically by employing the Newton–Raphson algorithm. The constitutive parameters listed in Table 3
were used for the JC model. In the process of solving
the two equations, the temperature rise of the specimen was considered using information on the heat
capacity and conversion percentage of plastic work
to heat (inelastic heat fraction). The program to
solve equations (10) and (19) is implemented in
ExcelÕ software. It can be downloaded in the
Supplemental Material available online.
The stress–strain and rate–strain curves obtained
using the above procedure are shown in Figure 9 as
curves S* and R*, respectively. According to equations (10) and (19), curves S* and R* are the predicted
stress–strain and rate–strain curves, respectively,
which should be manifested (measured) in the SHB
test if the instrument and the test theory (SHB
theory) are correct.
In Figure 9(a), curve S is the measured stress–strain
curve using the bar signals in the simulation (case 2)
of the SHB test. As can be observed in Figure 9(a), the
measured curve S ﬂuctuates around the predicted
curve S* (the stress curve that should be measured
in the SHB test); they are consistent. Indeed, the predicted stress curve (S*) manifests itself in the SHB
instrument via the measured curve S. This ﬁnding
indicates that the stress–strain curve (S*) can be predicted by simultaneously solving the rate and constitutive equations, and the predicted curve S* is reliable
based on the measured curve S.
In Figure 9(b), curve R (the measured rate curve
using the bar signals in the simulation) also ﬂuctuates
around curve R* (the predicted rate curve); they are
consistent. Indeed, the predicted rate curve (R*) also
manifests itself in the SHB instrument via the measured curve R. This ﬁnding indicates that the rate–
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Figure 9. (a) Stress–strain curves and (b) rate–strain curves of simulation case 2.

strain curve (R*) can also be predicted by simultaneously solving the rate and constitutive equations, and
the predicted curve R* is reliable based on the measured curve R.
In Figure 9, the reliability of the predicted
curves S* and R* was veriﬁed by comparing the
curves with the measured curves S and R, respectively.
In other words, the measured curves S and R in the
SHB test were used as the reference to verify the fact
that the predicted curves S* and R* by simultaneously
solving the rate and constitutive equations are
reliable.
If the fact that the two equations (equations (10)
_ at a
and (19)) with two unknown variables (r and ")
given strain can be solved simultaneously is admitted,
the fact that exactly what the rate equation predicts
(S* and R*) are measured (manifested) via curves S
and R in the SHB test veriﬁes again the rate equation
itself via the numerical simulation (case 2).
Practical method of predicting the rate–strain curve. It was
demonstrated in the previous section that the
curves of rate–strain and stress–strain, which should
be measured (manifested) in the SHB test, can be
predicted before carrying out the SHB test using
the rate equation provided the constitutive parameters
are available. In reality, the constitutive parameters are unknown for the specimen to be tested
using the SHB. However, the constitutive parameters
of the specimen can be reasonably estimated as
follows.
In general, the quasi-static test of a specimen is
carried out before the SHB test. If two or more
stress–strain curves are measured at two or more different strain rates in the quasi-static test (e.g. 105 and
102 s1), the values of a, b, n, and c in equation (19)
can be determined suitably via non-linear curve ﬁtting
of the measured stress–strain curves. As for the thermal softening parameter (m), it is noted that its value
does not vary signiﬁcantly for similar types of

material.8 For instance, the values of m for 1006
steel, 4340 steel, and S-7 tool steel are 1.00, 1.03,
and 1.00, respectively. The values for aluminium
alloy 2024-T351 and aluminium alloy 7039 are 1.00
and 1.00, respectively. The values for ArmcoÕ iron
and CarpenterÕ electrical iron are 0.55 and 0.55,
respectively. Therefore, the value of m for similar
types of material to the current specimen can be reasonably obtained from the literature. Within the
framework of equation (19), there is no error in the
method itself for calibrating the parameters, a, b, n,
and c. On the other hand, the error in the selected
value of m from the literature is inevitable and
unquantiﬁable. However, as mentioned, the selected
value of m in this way should not be far away from
that of the current specimen.
The above paragraph described the procedure for
reasonably estimating the parameters of the JC
model8 employed in this study. This model probably
has been used and calibrated most extensively for
simulating many high-strain-rate events of materials
and structures. However, there are indeed numerous
types of constitutive models, which were developed
for capturing various aspects of complicated constitutive behaviours of versatile materials. For instance,
when the specimen material exhibits the phenomenon
of stress upturn and the material is to be tested in the
strain rate regime where the stress upturn takes place,
the use and calibration of a stress upturn model9
would be more desirable than the JC model. When
the phenomena of rate-hardening and temperaturesoftening are coupled10 or when strain-hardening
and rate-hardening are coupled,11 models developed
for such cases10,11 would be more appropriate. A similar procedure to the JC model described in the above
paragraph can be employed for the reasonable estimation of the parameters of such other constitutive
models.
Once the constitutive parameters are reasonably
estimated as above, the curves of rate–strain and
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stress–strain which are anticipated to be manifested
(measured) in the SHB test can be predicted simultaneously using the ExcelÕ program provided in the
Supplemental Material. While this study illustrates
the usage of the rate equation by combining it with
the JC model, the provided program can be modiﬁed
suitably for diﬀerent constitutive models.
As mentioned, according to equation (10), the specimen strain rate is controlled by the stress of the
deforming specimen, geometry (the length and diameter) of specimen, impedance of bar, and impact velocity. One can suitably explore the eﬀects of these
variables by inputting appropriate values in the
spread sheet cells in the provided ExcelÕ ﬁle, and
the resulting curves of rate–strain and stress–strain
are updated immediately after running the program.
For the design of experiment, prediction of the rate–
strain curve in this way before carrying out the SHB
test should be more desirable than determining the
manifested rate–strain curve after the experiment is
ﬁnished.

Predicting the maximum strain
Neither the rate equation nor constitutive equation
has a limit in strain (there is no strain limit in drawing
curves S* and R*) as far as the strain rate is positive.
The specimen strain measured in the SHB test can be
limited by the pulse duration time and fracture of the
specimen. This study considers the case where the
specimen strain is limited by the pulse duration time
ðtp ¼ 2Lo =Co Þ; it is assumed that specimen fracture
does not occur meanwhile the stress pulse passes the
specimen. The maximum specimen strain ("max ) in the
SHB test is determined by the pulse duration (passage) time (tp) and the specimen strain rate:
_ Because the pulse duration time is ﬁxed
"max ¼ tp ".
in an SHB test, a higher rate of the specimen results
in a higher maximum strain.
In the current technology, the maximum strain
that a specimen experiences in the SHB test is revealed
only after the test is ﬁnished. However, once the rate–
strain curve is available prior to the SHB test, the
maximum strain can be predicted by combining
the rate–strain curve with the pulse duration time.
The method calculates the incremental deformation
time (dt) at each strain step (d"): dt ¼ d""_ . Then, the
value of the strain at the moment when the cumulative
deformation for each strain step reaches the pulse
duration time (tp) is determined to be the maximum
strain. The algorithm to predict the maximum strain
in this way is included in the ExcelÕ program. It considers the condition that the strain rate should be
positive. The predicted maximum strains using the
ExcelÕ program are reasonably consistent with the
results of the numerical simulation in Figure 4
(0.265) and Figure 5(b) (0.109 and 0.181). It is also
the case in Figure 10(b) (0.234) and Figure 10(c)
(0.320), which will be presented later.
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Tailoring the slope of the rate–strain curve by
controlling the specimen diameter
From the analysis on the two terms of equation (10) in
the Physical origin of the varying nature of strain rate
in the SHB test section, it is postulated that if the rateincreasing ﬁrst term, Vo exp(e)/L, and rate-decreasing
second term, 2Ar exp(2e)/(AooCoL), are brought
into competition, the decreasing/increasing nature of
the rate–strain curve, i.e. the slope of the rate–strain
curve in the plastic deformation regime, can be tailored. Among the parameters in the ﬁrst and second
terms, controlling the magnitude of A/Ao appearing
only in the second term may be most suitable for the
competition of the two terms. The D/Do ratio is used
hereafter instead of the A/Ao ratio for convenience.
In the next sections, it is ﬁrst veriﬁed numerically
whether or not tailoring the slope of the rate–strain
curve is possible by controlling the specimen diameter,
followed by experimental veriﬁcation. A discussion on
the practical methods to determine the D/Do ratio for
achieving a nearly constant strain rate ﬁnally follows.
Numerical verification of the approach. To monitor the
result of competition of the two terms by controlling
the D/Do ratio, the rate–strain curves (R*) were predicted by solving equations (10) and (19) simultaneously using the ExcelÕ program (Supplemental
Material) for a range of D/Do ratios; the result
is shown in Figure 10(a). As can be observed in
Figure 10(a), if the D/Do value decreases from 0.7 to
0.41, the slope of the rate–strain curve in the plastic
regime increases towards a positive value and a nearly
constant strain rate is achieved at the D/Do value of
0.41 (this value is limited to the employed properties
of the specimen and bar (Tables 2 and 3) at the given
impact condition). To check whether the nearly constant rate is really manifested in the SHB test when
the D/Do value is 0.41, a numerical simulation (case 2)
of the SHB test was carried out. The rate–strain curve
measured using the bar signals is illustrated in Figure
10(b) as curve R. Indeed, the nearly constant strain
rate (curve R* predicted using the rate equation) manifests itself via the measured curve R using the bar
signals; they are reasonably coincident. Comparing
with the case where D/Do ¼ 0.7 (Figure 9(b) at
Ti ¼ 25  C), the result for D/Do ¼ 0.41 in Figure
10(b) is a notable improvement in achieving a nearly
constant strain rate during dynamic deformation of a
work-hardening specimen.
In Figure 10(a), if the D/Do value decreases further
from 0.41 to 0.30, interestingly, the slope of the rate–
strain curve now becomes positive and the slope
increases further with a further decrease in the D/Do
value to 0.15. Another important point for the specimen with the D/Do value of 0.15 is that the magnitude
of the strain rate itself is higher than the maximum
limit predicted using equation (23), indicating the
invalidity of equation (23). These observations result
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Figure 10. (a) Rate–strain curves (R*) predicted using the rate equation for a range of D/Do values. Simulated curves of R superimposed to curves R* when D/Do values are (b) 0.41 and (c) 0.15 (simulation case 2).

from the fact that the inﬂuence of the rate-decreasing
second term of equation (10), –2Ar exp(2e)/
(AooCoL), is overly diminished at small values of
D/Do compared with the inﬂuence of the rate-increasing ﬁrst term, Vo exp(e)/L. To check whether the

Experimental verification of the approach. A series of SHB
experiments was carried out using annealed OFC specimens with a range of relative diameters. The experimentally measured rate–strain curves are shown in
Figure 11 as curve R at each impact condition.

Rate of the true strain (sec-1)

Figure 11. Experimentally determined rate–strain curves
of annealed OFC specimens with a range of relative
diameters (D/Do). The curves for D/Do ¼ 0.7 are the same as
in Figure 8(b). The predicted bound for each specimen using
equation (23) is the y-intercept of curve R**, which is not
marked additionally to avoid complexity.

predicted R* curve with such characteristics is really
manifested in the SHB experiment when the D/Do
value is 0.15, a numerical simulation (case 2) of the
SHB test was carried out. The rate–strain curve measured using the bar signals is shown in Figure 10(c) as
curve R. Indeed, the coincidence between the measured curve R and predicted curve R* (using the
rate equation) is conﬁrmed; the predicted curve R*
using the rate equation manifests itself in the SHB
test via the measured curve R. Therefore, when the
D/Do value is exceedingly small (when the rate
decreasing second term is overly diminished), it is natural to observe (i) the positive slope of the rate–strain
curve in the plastic deformation regime, and (ii) the
magnitude of the strain rate can be higher than the
maximum limit predicted using equation (23).
Overall, the results in Figure 10 numerically verify
that the slope of the rate–strain curve in the plastic
deformation regime can be tailored by controlling the
specimen diameter. The slope can be controlled to be
either negative or positive.
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Included in Figure 11 is curve R**, which was
obtained by applying the experimentally obtained
stress–strain curve (S) presented in the Supplemental
Material into the rate equation. In Figure 11, depending on the D/Do value, the change in the slope of the
strain rate in the plastic deformation regime is apparent. The result in Figure 11 experimentally veriﬁes
that the slope of the rate–strain curve can be modiﬁed
suitably by controlling the specimen diameter.
In Figure 11, curves R and R** are reasonably
coincident for all the considered specimen diameters
in the experiment. In the Supplemental Material,
curves S and S** are also reasonably coincident for
all the considered specimen diameters. These ﬁndings
experimentally verify the rate equation again.

diﬀerent), the necessity of ﬁnding the optimum D/Do
value for achieving a constant strain rate may not be
high. If the specimen exhibits a high rate dependency,
it may be necessary to test the material properties at a
constant strain rate.
The analytical expression of the D/Do value for
achieving a constant specimen strain rate, (D/Do)c,
can be obtained by diﬀerentiating equation (10) with
_
respect to e, i.e. from the condition of d"=d"
¼ 0:


D
Do

c

sﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
o Co Vo
¼
2ð2 þ d=d"Þ expð"Þ

ð24Þ

In equation (24), the governing parameters of
(D/Do)c include not only specimen-independent parameters (impact velocity and impedance of the bar)
but also specimen-dependent parameters (strain ("),
stress (), and strain derivative of stress (d=d")).
Because the specimen parameters vary with strain,
there is no single (D/Do)c value for the perfectly constant strain rate as the strain increases; the (D/Do)c
value varies with strain. This is the theoretical
reason that only a nearly constant strain rate is

Practical methods of determining the specimen diameter for
achieving a nearly constant strain rate. For the case of
D/Do ¼ 0.7 in Figure 11, the specimen strain rate in
the plastic deformation regime (the intersection points
between curves R and R**) varies from approximately 1700 to 615 s1. If the rate dependency of
the specimen is not high (i.e. if the stresses measured
at the strain rates of 1700 and 615 s1 are not much
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Figure 12. (a) Stress–strain curves and (b) rate–strain curves at (D/Do)c values of 0.34, 0.48, and 0.58 and impact velocities of 10, 20,
and 30 m/s, respectively. The considered specimen material was ArmcoÕ iron at the initial temperature of 298 K. They were obtained
by solving equation (10) and equation (19). (c) (D/Do)c curves obtained by applying the three stress–strain curves in (a) into equation
(24). The quasi-static stress–strain curve in (a) was constructed under the isothermal assumption at 298 K.
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achieved in the SHB test even when the D/Do value is
appropriately tuned, as can be observed in curve R*
in Figure 10(b).
It is noted in equation (24) that, if a given stress–
strain curve is applied into the equation, a (D/Do)c
versus strain plot is obtained. It is aimed here to
check whether the plot of (D/Do)c versus strain
obtained in this way is useful for determining the
optimum value of D/Do to achieve a nearly constant
strain rate. If (i) a dynamic stress–strain curve to be
applied into equation (24) is available and, at the
same time, (ii) the correct answer of the optimal
D/Do value for the dynamic stress–strain curve is
known in advance, it is possible to check whether
the (D/Do)c versus strain plot is useful to determine
the optimum D/Do value. In this study, the necessary
dynamic stress–strain curve as well as the correct
value of the optimum D/Do was obtained by solving
equation (10) and equation (19) for a range of D/Do
values at three impact velocities (10, 20, and 30 m/s)
using the ExcelÕ program. As the result, the nearly
constant strain rates were achieved at D/Do values of
0.34, 0.48, and 0.58 at impact velocities of 10, 20, and
30 m/s, respectively, for the SHB instrument (Tables 1
and 2) and a 5 mm-thick ArmcoÕ iron specimen
(a ¼ 175 MPa, b ¼ 380 MPa, n ¼ 0.32, c ¼ 0.06,
m ¼ 0.55, Tm ¼ 1811 K, Tref ¼ 298 K, "_o ¼ 1 s1,
E ¼ 207 GPa,  ¼ 7890 kg/m3, and cp ¼ 452 Jkg-1
K-1).8,a The obtained stress–strain curves and rate–
strain curves for the iron specimen are shown in
Figure 12(a) and Figure 12(b), respectively. From
these ﬁgures, it is clear that the D/Do values of 0.34,
0.48, and 0.58 are the correct values (answers) for
achieving a nearly constant rate at respective impact
velocities. It is aimed here to verify whether the plot of
(D/Do)c versus strain obtained by applying the stress–
strain curves of Figure 12(a) into equation (24) can
help one in ﬁnding the answers.
Figure 12(c) shows the plots of (D/Do)c versus
strain, which were obtained by applying the three
dynamic stress–strain curves of Figure 12(a) into
equation (24). As can be observed in Figure 12(c),
the (D/Do)c curves vary signiﬁcantly with strain especially when the value of the strain is less than approximately 0.1. Revisiting equation (24) and Figure 12(a),
the change in  and d=d" with strain is signiﬁcant
when the value of the strain is less than approximately
0.1, which explains the reason that the (D/Do)c curves
in Figure 12(c) vary signiﬁcantly with strain in the
mentioned strain regime.
However, the (D/Do)c curves in Figure 12(c) do not
vary very signiﬁcantly thereafter (when the value of
the strain is larger than approximately 0.1) because
the change in  and d=d" with strain is insigniﬁcant
as can be observed in Figure 12(a). One may select the
average value in the strain range of approximately
between 0.1 and 0.3 where the (D/Do)c curve does
not vary greatly. Then, the optimal D/Do value determined using the (D/Do)c curves in Figure 12(c) should
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not deviate considerably from the answers, i.e. the
optimum D/Do values of 0.34, 0.48, and 0.58, respectively. Therefore, it is concluded that the (D/Do)c
versus strain plot constructed by applying an appropriate stress–strain curve into equation (24) is useful
to determine the optimum D/Do value for achieving a
nearly constant strain rate.
In the above paragraphs, the usefulness of the
(D/Do)c versus strain plot in determining the optimum
value of D/Do was numerically veriﬁed. For the veriﬁcation purpose, stress–strain curves (Figure 12(a))
determined from the known constitutive parameters
and the known answers of the (D/Do)c values
(Figure 12(b)) for the considered stress–strain curves
were used. In reality, however, the dynamic stress–
strain curve to be applied into equation (24) is
unavailable before carrying out the SHB test.
Therefore, in essence, the optimum D/Do value for
achieving a nearly constant strain rate has to be determined experimentally by trials. However, the ﬁrst trial
value of D/Do can be reasonably estimated as
described in the following paragraphs.
To determine the ﬁrst trial value of D/Do for
achieving a nearly constant rate–strain curve, this
study presents two practical methods as follows. The
ﬁrst practical method to determine the ﬁrst trial value
of D/Do is using equation (24). The input stress–strain
curve to equation (24) can be obtained by multiplying
the rate factor (the second bracket in equation (19))
and temperature factor (the third bracket in equation
(19)) to a stress–strain curve measured at a quasistatic strain rate and temperature, which is considered
as the reference curve (measured at "_o and Tref ). The
methods of obtaining the parameters c and m in the
rate and temperature factors, respectively, were previously described in the Practical method of predicting the rate–strain curve section. The resultant (D/
Do)c vs. strain plot constructed by applying the
input stress–strain curve into equation (24) can be
used to determine the ﬁrst trial value of D/Do.
The second practical method to ﬁnd the ﬁrst trial
value of D/Do is using the rate equation itself, equation (10), instead of using its strain derivative, i.e.
equation (24). As described in the Practical method
of predicting the rate–strain curve section, the constitutive parameters can be reasonably estimated from a
couple of quasi-static tests and by referring to the
value of m in the literature for similar types of materials. Then, the numerical solution for equation (10)
and equation (19) (using the provided ExcelÕ program) will readily produce the rate–strain curves
such as the ones shown in Figure 10(a) for a range
of D/Do values, which will allow one to determine the
D/Do value for the ﬁrst trial to obtain a nearly constant strain rate. Actually, constructing the anticipated rate–strain curve in this way is desirable
before carrying out the SHB test.
In the SHB test, the use of the specimen with the
ﬁrst trial value of D/Do based on either of the methods
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presented above should be more appropriate than
using the specimen with an arbitrary D/Do value
because the latter may yield a signiﬁcantly varying
strain rate of the deforming specimen (such as curve
R in Figure 8 when the D/Do value is 0.7). Even the
ﬁrst trial value of D/Do determined by the presented
methods may not be far away from the optimum
value: the manifested (measured) rate–strain curve in
the SHB test using the ﬁrst trial D/Do value would be
much closer to a nearly constant state compared with
the case of using an arbitrary diameter. The D/Do
value can be tuned further via the second-trial test
only when a better nearly-constant strain rate than
the ﬁrst-trial test result is necessary. As can be
observed in Figure 10(a), if the slope of the rate–
strain curve in the plastic deformation regime needs
to be increased, a smaller D/Do value (which reduces
the magnitude of the rate-decreasing second term of
the rate equation) is required for the second trial and
vice versa to decrease the slope of the rate–strain
curve in the plastic regime.
The rate equation not only provides a theory-based
handy method for achieving a nearly constant strain
rate by controlling the specimen diameter but also
drastically speeds up the convergence process towards
the optimum D/Do value by providing the ﬁrst trial
value, which is anticipated to be reasonably close to
the optimum value. Even when the second or more
trial tests are needed, the systematic progress of convergence to the optimum D/Do value can be suitably
monitored because the process of determining the
optimum D/Do value after the ﬁrst trial test (described
in the above paragraph) is a closed loop process that
utilises the feedback of the previous test result. Being
able to monitor such a systematic convergence is a big
advantage of the closed loop control process.

Overall discussion: The rate equation within the
boundary of SHB theory
This study formulated the strain rate equation (equation (10)), and presented some application areas. As
the same assumptions as the fundamental theory of
SHB (Assumptions section) were employed in the derivation process of the rate equation, the rate equation
does not contradict the SHB theory but is within its
boundary. The rate equation allows one to investigate
an unexplored area in the classic (one-dimensional)
SHB theory: the evolution of the specimen strain
rate with strain (specimen deformation).

Conclusion
To reveal the physical origin of the varying nature of
specimen strain rate during deformation in the SHB
test, the strain rate has been formulated as a function
of strain (specimen deformation) based on a onedimensional assumption. According to the formulated
rate equation (equation (10)), the specimen strain rate
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is governed by the stress and strain of specimen
during deformation, geometry (the length and diameter) of specimen, impedance of bar, and impact velocity. The rate equation is composed of two terms: the
rate-increasing ﬁrst term (Vo exp(e)/L) and the ratedecreasing second term (2Ar exp(2e)/(AooCoL)).
Therefore, the specimen strain rate evolves as a
result of the competition between the rate-increasing
ﬁrst term and rate-decreasing second term. Unless
these two terms are balanced, the specimen strain
rate generally varies (decreases or increases) with
strain (specimen deformation), which is the physical
origin of the varying nature of the specimen strain
rate in the SHB test. The increase in specimen stress
during deformation (e.g. work hardening), appearing
in the second term, plays a role in decreasing the slope
of the rate–strain curve in the plastic deformation
regime.
According to the formulated strain rate equation,
the measured curves of stress–strain and rate–strain
are mutually correlated. The rate equation can be
used as a tool to verify the measured rate–strain curve
simultaneously with the measured stress–strain curve,
i.e. to verify the reliability of the experiment. If the
experimentally measured curves of stress–strain (S)
and rate–strain (R) are superposed to the curves of
S** and R**, which were converted from curves of R
and S, respectively, using the rate equation, the curves
of S and S** should be coincident as well as the curves
of R and R**. Otherwise, it is be necessary to check the
experimental procedure and instrument calibration.
The method of correlation can also be used as a tool
for the calibration of the instrument. The intersection
points between curves R and R** (S and S**) can be
used to extract a less-ﬂuctuating rate–strain (stress–
strain) curve, which can be used as representative
curves of stress–strain and rate–strain for the calibration of a rate-dependent constitutive model.
It has been numerically demonstrated that the
rate–strain curve and stress–strain curve measured in
the SHB test can be predicted before carrying out the
test by simultaneously solving the rate equation and a
constitutive equation. The program for solving the
two equations is implemented in the ExcelÕ software,
which is available in the Supplemental Material.
For practical prediction of the curves of the rate–
strain and stress–strain, the constitutive parameters
of the Johnson–Cook (JC) model can be reasonably
estimated from a couple of quasi-static tests together
with referring to the thermal softening parameter
of a similar type of material to the current specimen in the literature. The parameters of other constitutive models can also be reasonably estimated
similarly.
Once the rate–strain curve is available, the maximum specimen strain in the SHB test can be predicted
by combining the rate–strain curve with the pulse
duration time. Such an algorithm is also included in
the ExcelÕ program.
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It has also been demonstrated both numerically
and experimentally that the slope of the rate–strain
curve in the plastic deformation regime can be tailored by controlling the diameter of the specimen.
Two practical methods to determine the value of the
relative diameter (D/Do) for achieving a nearly constant strain rate are presented. The ﬁrst method is
using the (D/Do)c vs. strain plot which can be constructed by applying an input stress–strain curve
into equation (24); the input curve can be obtained
by multiplying the rate and temperature factors of the
JC model to a quasi-static stress–strain curve. The
second method is simultaneously solving the rate
equation and a reasonably estimated constitutive
equation (using the ExcelÕ program) for a range of
D/Do values.
As the same assumptions as the fundamental
theory of SHB were employed in the derivation process of the rate equation, the rate equation is within
the boundary of the SHB theory. The rate equation
allows one to investigate an unexplored area in the
classic (one-dimensional) SHB theory: the evolution
of the specimen strain rate with strain (specimen
deformation).
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Appendix
Notation
A
Ac
Ao
a
b
c
cp
Co
D
Do
E
Eo
e
e_
eI
eR
eT
F1
F2
L
Lc
Lo
m
n
R

initial cross-sectional area of specimen
current cross-sectional area of specimen
cross-sectional area of bar
yield strength of specimen at reference
state ("_o and Tref) (fitting parameter)
work-hardening constant of specimen
(fitting parameter)
rate constant of specimen (fitting
parameter)
specific heat of specimen
longitudinal velocity of sound in the bar
initial diameter of specimen
diameter of bar
elastic modulus of specimen
elastic modulus of bar
engineering strain of specimen
rate of engineering strain of specimen
incident signal (pulse record at bar;
small strain)
reflected signal (pulse record at bar;
small strain)
transmitted signal (pulse record at bar;
small strain)
force at end surface of input bar
force at end surface of output bar
initial length of specimen
current length of specimen
length of striker
thermal softening exponent of specimen
(fitting parameter)
work hardening exponent of specimen
(fitting parameter)
rate–strain curve obtained using bar
signals (eR and eT)

Shin and Kim
R*

R**
r
S
S*

S**
s
T
Ti
Tm
Tref
t
tp
UpI
UpR
UpT
Up1
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rate–strain curve to be manifested in the
SHB test. Rate–strain curve predicted
using the rate equation from curve S*
rate–strain curve predicted using the
rate equation from curve S
density of specimen
stress–strain curve obtained using bar
signals (eR and eT)
stress–strain curve to be manifested in
the SHB test. Stress–strain curve of
specimen defined for the simulation
stress–strain curve predicted using the
rate equation from curve R
engineering stress of specimen
current temperature of deforming
specimen
initial temperature of specimen
melting point of specimen
reference temperature of specimen
(setting parameter)
time
pulse duration time
particle velocity of incident pulse
particle velocity of reflected pulse
particle velocity of transmitted pulse
particle velocity of end surface of input
bar (¼V1)

Up2
Vo
V1
V2
e
epl
"_
"_o
o

 pl
I
R
T
1
2

particle velocity of end surface of
output bar (¼V2)
impact velocity of striker
velocity of end surface of input bar
(¼Up1)
velocity of end surface of output bar
(¼Up2)
true strain of specimen
true plastic strain of specimen
rate of true plastic strain of specimen
reference strain rate of specimen (setting parameter)
density of bar
true stress of specimen
true plastic stress (flow stress) of
specimen
true stress of incident pulse in bar
(at small strain)
true stress of reflected pulse in bar
(at small strain)
true stress of transmitted pulse in bar
(at small strain)
true stress at end surface of input bar
(at small strain)
true stress at end surface of output bar
(at small strain)

