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Analysis of the Dependence of the Viewing Zones
on the Display Radius in Autostereoscopic 2 View

Displays of Horizontally Concave Surface
Hyung Ki Hong

Abstract—In autostereoscopic display, ray trajectories through
the optic element such as the parallax barrier or the lenticular lens
are affected by the radius of horizontally concave display. Using
the intersection of the calculated trajectories of the rays coming
from the various positions of the autostereoscopic 2 view display of
the curved surface, the viewing zones and area of the incomplete
separation of the images for the left and right eyes were investi-
gated. The area of incomplete separation of the images for the left
and right eyes related to the triangular areas defined by three chief
rays coming from the left edge, center, and the right edge. These
triangular areas for the curved surface was smaller than those for
the flat surface and showed the tendency of the decrease as the ratio
of the radius of the curved and the designed viewing distance ap-
proached 1/2.

Index Terms—Three-dimensional displays.

I. INTRODUCTION

T HE research for the flexible display were recently gaining
much attention [1]–[5]. And the possible merit of the

curved displays and the radius for the best performance were
reported as well [6]–[8]. Design principle of autostereoscopic
3D displays which did not need any special eyeglasses to per-
ceive 3D depth, had been well known for the display of the flat
surface [9]–[14]. Curved displays having the finite radius along
the horizontal direction, had been recently commercialized for
TV and the mobile application.
As the curved display becamemore popular, autostereoscopic

3D using the curved surface needed to be considered. Design
principle of autostereoscopic 3D with the curved surface was
recently reported [15]. The ray trajectories inside autostereo-
scopic display are different for the flat and the curved surface.
Hence, the optical characteristic of the curved autostereoscopic
display may be affected by the radius of the curved display.
In this paper, the optical characteristics of autostereoscopic 2

view display using the parallax barrier were compared for the
horizontally concave surface of the various radii. Among the
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Fig. 1. Intersections of three rays from the corresponding pixel boundary at the
left edge L, the center C, and the right edge R determine the viewing zone of
autostereoscopic 2 view display.

various optical characteristics, the investigation of this paper
focused on the positions of the viewing zones and the area of the
good image separation for the left and right eyes at the curved
surface of the various radii. For this purpose, the trajectories
of the rays coming from the left edge, the center and the right
edge of the autostereoscopic display through the aperture of the
parallax barrier were calculated for the various ratios between
the display radius and the designed viewing distance. From the
spatial distribution of the trajectories of the rays coming from
the pixel boundaries and the active area of each pixel of the
autostereoscopic displays, the viewing zones and the separation
of images for the left and right eyes were investigated.

II. BACKGROUND
The viewing zones of autostereoscopic displays were deter-

mined by the light rays coming from the various positions of the
display. For the optical design principle of the autostereoscopic
display, the boundaries of the viewing zone of autostereoscopic
display had been defined by three rays coming from the corre-
sponding positions on the right edge, center and left edge of the
display. Fig. 1 illustrates the concept of autostereoscopic display
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Fig. 2. Simulation scheme (a) Configuration at the center of the display (b) The
relation between radius R and angles (c) Configuration at the right edge of the
display. Curved display with the horizontally concave surface and the radius of
R was considered. Rays come out from the pixel boundaries of the autostereo-
scopic display.

using the curved surface and the parallax barrier. Design prin-
ciple for FPD had been well known [12]–[14]. And recently the
optical design principle for curved display had been reported for
2view display using the parallax barrier. [15]
In the example of Fig. 1, the position was located at the

boundaries of the two pixels for view 1 and view 2 at the center
of the display. And the line passing through and the center
of the transparent region of the parallax barrier was selected to
be normal to the surface at the center of the display.
In case of the position located at the boundaries of the two

pixels for view 1 and view 2 at the right edge of the display, the

TABLE I
PARAMETERS FOR THE CALCULATION OF AUTOSTEREOSCOPIC 2 VIEW AT THE

DESIGNED VIEWING DISTANCE OF 300 MM

TABLE II
PARAMETERS FOR THE CALCULATION OF AUTOSTEREOSCOPIC 2 VIEW AT THE

DESIGNED VIEWING DISTANCE OF 600 MM

direction of the line passing through and the center of the
transparent region of the parallax barrier should be shifted to-
ward the eye of the viewer. The amount of the shifted angle was
determined by the designed viewing distance and the radius of
the curved display. Direction normal to the surface of FPD was
always the same while direction normal to the curved surface
changes depending on the radius of the curved surface. There-
fore, the ray distribution coming from the left and right edges
were different between the FPD and the curved display. This
difference would affect the optical characteristics of autostereo-
scopic display.

III. SIMULATION

Configuration of autostereoscopic 2 view display using the
parallax barrier was designed for the simulation as illustrated
in Fig. 2. Parameters for the calculation of the ray trajectories
were shown in Table I and II for the designed viewing distance
D of 300 mm and 600 mm. The designed viewing distance D of
300 m for mobile application and 600 for monitor application
were considered. Pixel size and the horizontal pixel numbers
for these applications were respectively selected. In Fig. 2(a),
the trajectories of chief rays from the pixel boundaries through
the center of the each aperture of the parallax barrier to the user
position were illustrated. , which was the distance between
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the adjacent viewing zones, was selected to be 65 mm. The dis-
tance represents the distance from the pixel to the light ab-
sorbing layer of the parallax barrier. The distance represents
the distance from the light absorbing layer of the parallax barrier
to the boundary with the air. Pixels where n was even or
odd number represented the pixels assigned to the two viewing
zones, respectively. Due to the parallax barrier, the rays coming
from these pixels can be seen only at the specific positions. In
Fig. 2(b), Pixels and at the right and the left edge
of the displays represented the position corresponding to the
pixel at the center of the display. Angle represented
the angle from the edge of the display to the eye of the user and
was determined by the designed viewing distance D and the hor-
izontal display size. In curved surface, the normal direction at
the edge of the display was shifted by the amount of angle
from the x-axis, due to the curvature of the display.
Angle represented the angular change caused by the dif-

ference between the pixel size and the barrier pitch . The
sum of and is equal to . In case of the flat surface, the
angle was zero. If the radius was the same as the viewing dis-
tance, the angle was the same as the angle and the angle

was zero. Ray trajectories at the edge of the display were
calculated in the coordinate system. In the coordinate
system, the direction of -axis was selected to be normal to the
display surface and the axes were rotated by the amount of
from the xy coordinate system as illustrated in Fig. 2(c).
Ray trajectories were investigated at conditions that the ra-

dius r of the concave surface was a half or the same. Ray trajec-
tories for display of the flat surface were also investigated for
comparison.
For autostereoscopic two view display, the barrier pitch for

flat surface had been reported as [11], [15]

(1)

In (1), and represent the pixel size and the distance be-
tween the adjacent viewing zones.
For autostereoscopic two view display of the curved surface,

the barrier pitch and the distance and were determined
by the reported design scheme [15].

(2)

where
was defined as the half of the horizontal pixel numbers.

The values of the barrier pitch in Table I and II were derived
from (1) in case of the flat surface and from (2) in case of the
curved surface. Matlab was used to calculate and visualize the
ray trajectories of the configuration of autostereoscopic display
of Fig. 2[16].

IV. RESULT AND DISCUSSION

Fig. 3 illustrated the calculated trajectories of the chief rays
coming from the corresponding positions of the pixel bound-
aries on the right edge, center and left edge of the display as
illustrated in Fig. 2. The viewing distance D of 300 mm and the
display radius r of 300 mm and the parameters of Table I were
used for the calculation. The trajectories of 3 chief rays had been

Fig. 3. Calculated trajectories of chief rays coming from the pixel boundaries
and the viewing zone at the designed viewing distance D of 300 mm and the
display radius r of 300 mm for auto stereoscopic 2 view display. Thick solid
line on the left side represents the display of the curved surface. The dotted
curve represents the circle with the same radius as the curved display. Horizontal
and vertical axes represent the distance from the display surface and horizontal
distance from the center of the display. R, C and L represent the right edge,
center, left edge of the display, respectively. Shaded area 1 and 2 represent the
viewing zones.

used to define the viewing zones of view 1 and 2 [11]–[14]. In
the calculated result of Fig. 3, these rays intersected at the one
point on the line perpendicular to the center of the display. Yet,
these three rays formed the triangles of the finite sizes near the
viewing zones for view 1 and 2 at other positions. It showed
the trend that the triangle size became larger for the positions of
the larger horizontal distance from the center of the display. In-
tersection of these chief rays at one position meant that the eye
located on that position could see the corresponding positions
on the autostereoscopic display. The triangular areas could be
considered as the areas that the separation of the images for the
left and right eyes were incomplete. For example, if the eye was
located on the intersection of only two chief rays coming from
the pixel boundaries of the left and right edge of the display for
the finite triangle size, the eye would not see the pixel bound-
aries at the center of the display. Hence, the size of the triangle
could be used as the indicator that the smaller size of these trian-
gles implies the better separation between the adjacent viewing
zones.
Fig. 4(a) illustrated the calculated trajectories of the 3 chief

rays with the same calculation conditions as Fig. 3 except that
the curved surface of the radius of 150 mm and the flat surface
was used. The calculated sizes of triangles by three chief rays
were different for the different radius. In Fig. 4(b), these trian-
gles calculated for the different radius at the designed viewing
distance of 300 mm were shown together for the easier compar-
ison. For the smaller radius, the triangle size tended to decrease.
When the radius r was 150 mm which was a half of the viewing
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Fig. 4. Result at the designed viewing distance D of 300 mm. (a) Calculated
trajectories of chief rays coming from the pixel boundaries and the viewing
zone at the radius r of 150 mm and the flat surface for autostereoscopic 2view
display. Shaded area 1 and 2 represent the viewing zones. (b) Triangles by the
intersection of the calculated trajectories of 3 chief rays coming from the pixel
boundaries at the center, the left edge and the right edge of the display for the
various radius of the curved display for autostereoscopic 2view display. Nota-
tions in the graph are the same as those of Fig. 3.

distance D, triangles were almost located on the same circle as
the display surface and the triangle size remained quite small
irrespective of horizontal distance.
In Fig. 3 and 4(a), the shapes and the position of the viewing

zones were similar for the three different radii [11]. The distance
to the position of the viewing zones was approximately equal to
the designed viewing distance, only near the center of the dis-
play. That the distance to the positions of the viewing zones was

not constant, had been reported, though the shape of the posi-
tions of the viewing zones was not described [14]. Fig. 3 and
4 showed that the positions of the viewing zones could be ap-
proximated by the circle whose radius was a half of the viewing
distance.
Fig. 5 illustrated the calculated result for the viewing distance

D of 600 mm. Parameters for the calculations were on Table II.
The radius of the curved display was selected to be 300 mm and
600 mm. Trajectories for the flat surface were also calculated.
Similar to the case of the viewing distance D of 300 mm, the
triangle sizes became smaller for the smaller r as illustrated in
Fig. 5(b).
As the trajectories of the chief rays from the three positions

on the displays showed the positions of the viewing zones only
for the ideal, other conditions were investigated for the practical
situation.
In Fig. 4 and 5, trajectories of chief rays from only 3 positions

were calculated while in practical situation, rays from other po-
sitions on the display needed to be considered. Fig. 6 illustrated
the calculated result for the viewing distance D of 600 mm for
the flat surface and the curved surface of the radius of 300 mm
where 9 chief rays coming from the display were considered.
Around the designed viewing distance, trajectories of these 9
rays roughly converged to the triangles area by the intersection
of the calculated trajectories of chief rays from the center, the
left edge and the right edge of the display. Hence, 3 chief rays
from the center, the left edge and the right edge could be consid-
ered to be enough to represent the characteristics of rays coming
from the other positions on the display.
For each position on the display, rays other than chief ray

also came through the parallax barrier unless the aperture at
the parallax barrier was infinitesimal. For the practical situation,
the barrier aperture ratio of 15% was assumed and trajectories
of multiple rays through the aperture were calculated as illus-
trated in Fig. 7. Fig. 7(a) illustrates the multiple rays including
the chief ray passing through the aperture of the parallax bar-
rier. Fig. 7(b) illustrated the trajectories from the left edge, the
center and the right edge of the display for the designed viewing
distance D of 600 mm. The rays diverged near the designed
viewing distance and the barrier aperture ratio would affect the
divergence of these rays. As these diverging rays from one po-
sition on the display gathered around each chief ray, trajectories
of these rays also formed the rough triangular shape around the
triangles by three 3 chief ray. So, in practical situation including
rays other than the chief rays, the boundaries of the viewing
zone could not be sharply defined. As triangular area by these
diverging multiple rays could not be smaller than triangles by
three 3 chief ray, the size of the triangles by 3 chief rays would
be still useful as the indicator to represent the areas that the sep-
aration of the images for the left and right eyes were incomplete.
The calculated result of Fig. 3–7 showed the trajectories of

rays from the pixel boundaries and the intersections of these
rays related to the boundaries of the viewing zone. In case of
autostereoscopic display using the displays of the fixed pixel
size such as LCD or OLELD, little light came out from these
pixel boundaries which were general called BlackMatrix (BM).
The area that light actually came out in each pixel was called the
active area and located outside the BM. The trajectories of rays
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Fig. 5. Result at the designed viewing distance D of 600 mm (a) calculated tra-
jectories of chief rays coming from the pixel boundaries and the viewing zone
at the radius r of 300 mm and the flat surface for autostereoscopic 2view dis-
play. Shaded area 1 and 2 represent the viewing zones. (b) Triangles by the
intersection of the calculated trajectories of 3 chief rays coming from the pixel
boundaries at the center, the left edge and the right edge of the display for the
various radius of the curved display for autostereoscopic 2view display. Nota-
tions in the graph are the same as those of Fig. 3.

coming out from 5 positions in the active area of each pixel were

Fig. 6. Calculated trajectories of chief rays coming from the pixel boundaries
from 9 position of the 3D display at the designed viewing distance D of 600 mm
for (a) the flat surface and (b) the curved surface of 300 mm. Triangles
represent the intersection of the calculated trajectories of chief rays from the
center, the left edge and the right edge of the display.

calculated as illustrated in Fig. 8(a). Among 5 positions in active
area of each pixel, 2 positions were selected to be located at the
boundaries of BM and the active area of each pixel. The width
of BM was selected to be 20% of the pixel size and the barrier
aperture ratio of 15% was selected.
In autostereoscopic display, pixel should be seen by only one

of two eyes. The rays coming from the active area of these two
kinds of pixels were represented as lines of different colors. And
the calculated trajectories were illustrated in Fig. 8(b) for the
viewing distance of 600 mm at the autostereoscopic display of
the flat and the curved surface. Around the viewing distance,
areas that lines of only one colors were located represented the
position that each eye could see only the pixels assigned for
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Fig. 7. (a) Trajectories of multiple rays coming from the pixel boundaries of the
autostereoscopic display through the parallax barrier. (b) Calculated trajectories
of multiple rays from the pixels boundaries at the three positions on the display
for the viewing distance D of 600 mm for the flat surface and curved surface
of radius r of 300 mm. Barrier aperture ratio was 15%. Triangles represent the
intersection of the calculated trajectories of chief rays from the center, the left
edge and the right edge of the display.

each eye. If one eye was located at the areas that these two col-
ored lines were together, this eye would see the pixels assigned
for the other eye and the separation of the images for the left

Fig. 8. (a) Trajectories of multiple rays coming from the active area of pixels
of the autostereoscopic display through the parallax barrier. BM represented the
Black Matrix surrounding the active area of each pixel and width of BM was
selected to be 20% of the pixel size. (b) Calculated trajectories of multiple rays
coming from the active area of pixels at the three positions on the display for the
viewing distance D of 600 mm for the flat surface and curved surface of radius r
of 300 mm. Barrier aperture ratio was 15%. Triangles represent the intersection
of the calculated trajectories of chief rays from the center, the left edge and the
right edge of the display.



814 JOURNAL OF DISPLAY TECHNOLOGY

and right eyes were incomplete. Compared with the result of
Fig. 5(a) where only 3 chief rays were used, the areas that these
two colored lines were together were located around the triangle
defined by 3 chief rays coming from the pixel boundaries. And
lines of the same colors were located in the viewing zones of
Fig. 5(a).
Trajectories by 3 chief rays from the left edge, the center and

the right edge of the display defined the viewing zone of au-
tostereoscopic for the ideal case and the triangles by these 3
chief rays represented the area where the separation for the im-
ages for the left and the right eyeswere not complete. Evenwhen
multiple rays other than chief ray from the active area and the
boundaries of the pixels were considered for the practical situ-
ation, the result by 3 chief rays were still useful as the indicator
as illustrated in the calculated result of Fig. 6, 7 and 8.
In case of autostereoscopic 2 view display using the par-

allax barrier, the condition that the ratio of the radius R and
the designed viewing distance D was 1/2 seemed to provide
the viewing zones where the area of incomplete separation was
much smaller than that for the flat surface. In stereoscopic vi-
sion, objects located on the horopter were perceived to be the
same and Panum’s fusional area was located around the horopter
[17], [18]. A theoretical horopter consisted of a circle where
the left and right eyes and fixation point were located. Inter-
estingly, if two eyes of the viewer were located at the viewing
distance of D, the curved display with the radius of D/2 was
located on this theoretical horopter. The radius of the actual
empirical horopter was reported to be larger than the theoret-
ical horopter and be concave only for the viewing distance of
a few meters. The selection of the radius of the horizontal con-
cave surface for 2D display was reported to be affected by many
factors such as the display size, the viewing distance, the re-
flection, the barrel distortion of the image, the number of the
viewers and the difficulty of the bending [6]–[8]. For example,
some recommended the radius to be equal to the viewing dis-
tance to keep the same viewing distance. Some recommended
the radius larger than the viewing distance to reduce the distor-
tion near the display boundary or in consideration of the sur-
face reflection. Generally one radius was reported to have good
and bad effects simultaneously and the optimum radius might
be different for the specific application. In selecting the proper
radius of the curved autostereoscopic display, optical character-
istics unique to autostereoscopic displays should be considered
together with those factors reported for 2D display.

V. CONCLUSION
The positions of the viewing zone and the area of the good

image separation for the left and the right of the curved au-
tostereoscopic display were investigated by the calculated tra-
jectories of the rays coming from the pixel boundaries at the left
edge, the center and the right edge of of the display surface.
The calculated result showed the position of the viewing

zones approximately located around the circle whose radius
was half of the designed viewing distance and the position of
the viewing zones were slightly affected by the ratio R/D of the
display radius R and the designed viewing distance D.
On other hand, sizes of triangles by the intersection of trajec-

tories of 3 chief rays from these 3 positions were strongly depen-

dent on the ratio R/D. These triangular sizes tended to decrease
as this ratio changes from the infinite at the flat surface toward
the ratio of 1/2. These triangles represented the area that the sep-
aration of the images for the left and right eyes was incomplete.
And the smaller area of these triangles meant the larger area
of the good image separation in viewing zones. The calculated
trajectories of other rays other than chief rays coming from the
pixels boundaries and inside the active area of the pixel showed
that the triangles by the intersection of these 3 chief rays were
still useful indicator for practical situation.
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