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Abstract
In this paper, an approach for a wheeled mobile robot to deal
with the geometrical limits of a given path while also
satisfying its physical constraints is presented. Presence of
obstacles along a path is inevitable in practical mobile robot
navigation. To avoid incoming collision, the robot is
redirected to a new path where high-curvature turning points
are addressed to be imminent. A known static obstacle is
placed within a pre-determined Bézier curve-based path for
the robot to exhibit obstacle avoidance accordingly. A
trajectory generated through the robot’s acceleration limits
according to the path’s curvature, expressed lengthy travel
time, non-periodic time sampling, and does not consider
velocity limits configured on the robot. To deal with
prevailing issues, a convolution-based approach was
implemented but it demonstrated inability to track the path of
high curvature in uniform sampling time. Therefore, a
variation of linear interpolation was proposed to generate an
actual trajectory in tracking the redirected path. The proposed
time optimal path planning is able to consider the robot’s
physical limits, cope with the path’s geometrical constrictions
and conserve uniform time sampling to be conducted in realtime control.
Keywords: High Curvature Path, Physical Limits,
Convolution, Bézier Curve, Path Planning, Obstacle
Avoidance.

Introduction
Evolutionary studies of mobile robot systems made it possible
for a robot unit to display precise movement and
controllability through uncomplicated user-generated velocity
commands. These days, application of mobile robots has
expanded not only in the industrial and commercial sectors,
but also in residential areas [1]. Another great result from this
development is that places inaccessible to human beings are
now made reachable by proper handling and operation of
mobile robot systems, such as space missions, hazardous
environments, and military operations [2].
Path planning is considered to be one of the most important
tasks for any robotic system. Most path planning techniques
are executed by calculating a curved path for a mobile robot to
follow [3]. There are two fundamental types of path planning:

dynamic/adaptive path planning, on which the robot is
expected to produce a new path in response to the
environment it is moving on [4-5], and static path planning on
which a known path can be generated beforehand [6].
A robot motion could be planned to be either constrained or
not, depending on the physical limitations of the mobile robot.
Typically, robots are bounded with its maximum velocity [7],
maximum acceleration [8-9], maximum jerk [10]. These limits
should be dealt with in order for the robot to travel along the
predetermined path with higher accuracy while reducing the
chance of physical damage.
While driving along a path, it is more likely for a robot to
encounter obstacles, especially in many service applications
where mobile robots need to share their work region with
different obstacles [11]. Different researchers have studied
various techniques to avoid collisions [12-15]. But the typical
and mostly used algorithms can be simply classified into
two—deviating the original path after detecting a known
obstacle along the way, or the more sophisticated algorithm
on which the robot would detect not only the existence of an
obstacle but also measure its dimensions before making a
specific counteraction.
A Bézier curve-based obstacle avoidance technique was
suggested in [8]. If a possible collision is detected while the
robot is travelling on the planned path, the robot is redirected
to a different angle to generate two consecutive Bézier curves
with respect to the distance of the obstruction and a safety
factor. However, the produced redirections also show turning
points with high curvature values. These geometric
constrictions lead to known accuracy, efficiency, and
reliability issues [16-18]. After implementation of the velocity
generation algorithm through the relationship of the path’s
curvature and the robot’s acceleration limits, the sampling
time of the generated trajectory was observed to be nonperiodic that causes difficulty in real-time control. Moreover,
it does not consider the velocity limit of the mobile robot.
To deal with the issue regarding the physical limits of the
mobile robot, a convolution based trajectory generation was
used in [10]. However, it only considers the straight path
between two points and not the rotational heading angles of
the Bézier curve. Hence, a heading angle considered path
planning based on convolution was introduced in [7] to
compromise with this shortcoming. The velocity profile
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produced through the modification shows high efficiency in
fulfilling the required velocity constraints.
In [8], high curvature turning points were present when
redirecting the path to avoid obstacles. In this case, we can
apply the heading angle considered path planning suggested in
[7] to apply velocity constraints but the generated trajectory
could not follow the redirected path in uniform sampling time
due to high curvature that is a geometrical constraint of the
path.
Therefore, a modified convolution-based path planning
method is required to consider both geometrical constraints
and physical constraints in uniform sampling time. In order to
produce a trajectory that follows the high curvature reference
in equal sampling time, linear interpolation was applied to the
trajectory generated by the heading angle considered path
planning.
This approach was corroborated through mathematical
simulations. Using this method, a mobile robot could avoid
obstacles in a static environment while considering its
physical limits and the geometrical limits of the path with
periodic sampling time. The periodicity of sampling time is
important in real-time control of mobile robot actuation.
Section 2 is divided into different parts that discuss the
different studies related to this research. A path planning
technique based on a Bezier curve with a corresponding
velocity generation technique considering the acceleration
limits of the robot. Obstacle avoidance was discussed
afterwards. Due to occurrence of drawbacks regarding
physical limitations of the mobile robot, a convolution
operator was examined. The proposed algorithm and its
application through numerical simulations are found in
Section 3. Conclusion and discussion of future studies are
included in the final section.

Related Researches and Discussion
A. Bézier Curve-based Path Planning Considering
Acceleration Limits and Obstacle Avoidance Technique
i.
Velocity Profile Generation
Jolly et al. in [8] defined a predetermined path with initial
point, P, terminal point, S, and control points at Q and R that
is based on a Bézier curve as shown in Fig. 1. The maximum
velocity along the planned Bézier curve-based path is
bounded by both the tangential and radial acceleration limits
of a mobile robot. If the acceleration of the robot along the
curve is greater than the limit, continuous slipping or skidding
of the robot during its drive occurs. As a result, the actual
initial and terminal velocity of the mobile robot differs
depending on the relationship between the curvature of the
given path and the robot’s radial acceleration.
In other words, the velocity at each point along the curve is
possible to be computed through the curvature of the Bezier
curve and the configured acceleration, both radial and
tangential, limits of the mobile robot. The velocity profile is
evaluated by uniformly accelerating the velocity by the
tangential acceleration from the initial point to the terminal
point, and vice-versa. This would result to two velocity
profiles in the forward and backward direction.
To consider the path’s curvature, the velocity values of the
turning points, i.e., the points along the path with the largest

curvature value, were calculated using the maximum radial
acceleration. If these turning points are existent on the path,
the technique was altered to start from the turning point, in the
forward direction to the terminal point, then backward
direction to the initial point. The combination of these
velocity profiles would then produce the maximum allowable
velocity, which is the lowest velocity value at a certain point.
If the radial acceleration of the resulting maximum allowable
velocity does not exceed the limit, it is said to be realizable in
practical application.

Fig. 1. Redirected Path to Avoid a Static Obstacle
ii.
Obstacle Avoidance Technique
In practical application of mobile robot systems, it is
inevitable for robots to encounter obstacles along its way.
Before probable contact, the robot does not stick to its initially
planned path. Instead, the robot is redirected to a different
path to avoid colliding with the obstacle. Also show in Fig. 1,
the robot represented by the circle with the center at point A,
is said to collide with the obstacle at point O, when the radii
of both the circles overlaps each other, in other words, the
center of the robot would cross the safety margin.
Therefore, at point A, the robot is redirected to a different
direction to avoid colliding with the obstacle by generating
another Bézier curve described by the polygon ABCD. The
first polygon side AB is taken as the ratio of the tangent line
that passes through point A. In proportion, side CD is a
segment parallel to the tangent line at A that passes through
point D. Point D is then evaluated by using the slope θ of A
with respect to the initial path and the normal line to the
tangent at Point A which also passes through the center of the
obstacle.
xd  xo  ro cos a
yd  yo  ro cos a

(1)

Assuming the side AB is d11, side CD that corresponds to the
latter side of the Bézier polygon, d12, is made equal to the
computed value of the former. Thus, the points B and C are
computed using these values with the following trigonometric
analysis:
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xb  xa  d11 cos a
yb  ya  d11 sin  a
xc  xd  d12 cos a

(2)

yc  yd  d12 sin  a

Another Bézier curve is generated for the mobile robot to get
back on track and reach the targeted terminal point. The
second deviation is represented by the polygon DEFS. Point E
is assumed to be lying on the same segment with the points B
and C while point F lies on the same line with the second
control point that defines the original Bézier curve-based path,
point R.
Considering that all polygon sides of both the redirected
curves are equal, the third control points are evaluated by:
xe  xa  d 21 cos a
ye  ya  d 21 sin  a
x f  xr  d 22 cos a

(3)

y f  yr  d 22 sin  a

iii.
Discussion
This paper focuses on the high-curvature that occurs when the
original path is redirected to avoid an obstacle using the
algorithm mentioned above. In order to verify the validity of
the approach, the same path and corresponding velocity
profile from [8] is shown in Figs. 2 and 3, respectively.

Fig. 3. Velocity Profile Considering Acceleration Limits

Fig. 4. Time Difference between each Point of the Velocity
Considering Acceleration Limits

Fig. 2. Path Planning to Avoid a Known Obstacle

Fig. 5. Pseudo Code for a Sample Real-time Task,
Servo_Task
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In Fig. 2, the original path prior to the obstacle was a smooth
Bezier curve however, on the first portion of the redirection;
an S-curve with high curvature was produced as can be seen
on the turning points of the velocity profile in Fig. 3. The
second division of the graph expresses velocity values taken
from the initial, terminal, and two turning points generated
with respect to the curvature of the curve.
The generated velocity profile was able to generate a
trajectory that can follow the planned path with high
curvature. However, it was shows non-uniform sampling time
as shown in Fig. 4. Non-periodic velocity commands are
considered difficult to be realized in practical situations, for
example, cyclic tasks in real time operating systems, such as
Xenomai [19-20].
Xenomai is a real-time development framework that provides
a pervasive, interface-agnostic, hard real-time support to userspace applications [21]. As shown by the pseudo code in Fig.
5, given tasks in real time is iterated inside a loop within a
given period. An important feature of real-time systems is that
tasks responses should be kept in strict time samples or
constants. Hence, controlling the robot in real-time or using
real-time operating systems requires the velocity commands to
be in uniform sampling time.
If a system could not handle these periodic commands then
the output is not expected to show proper performance.
Moreover, the velocity limit of the robot was also not
considered during this path planning method that is another
factor when dealing with real-life navigation of robot systems.
To deal with these drawbacks, the proposed method uses a
convolution operator with the results shown in the next
section.

point coordinates at S (40, 70), 35º, and 80 cm/s was
generated as the planned path. The Bézier polygon sides, d1
and d2, that control the curve was computed to be 12.28 cm
and 24.56 cm respectively. The obstacle with a maximum
radius of 7.5 cm was placed along the curve and was
computed to have the coordinates of O (64.72, 69.20). The
computed position of point A, where the avoidance started,
was A (49.74, 71.69) from a safety factor and robot radius of
7.5 cm. The redirected Bézier curves are then generated using
these initial values.
Fig. 6 shows the velocity profile generated using the heading
angle considered path planning in [7] for a velocity limit of
120 cm/s. Using these velocity values, the actual trajectory
was generated through the computation of the radian angle at
each point by:
 (u )  tan 1

dy (u )
dx(u )

Using (4), the velocity in each point at both the x and y axes
were calculated using simple robot kinematics expressed as:
vx (u )  v(u )  cos (u )
v y (u )  v(u )  sin  (u )

Simulation Results
The same path in Fig. 2 was used in order to formulate the
proposed method. A cubic Bézier curve starting at P (40, 70)
with 45º heading angle and velocity of 40 cm/s and ending

(5)

In this equation, v(u) is denoted as the velocity profile to be
used in generating the numerical interpretation of the actual
trajectory from the initial position expressed as:
n

x(u )  xi   vx (u )dt
u 0

B. Convolution-based Trajectory and Bezier Curve Heading
angle Consideration
A convolution operator suggested by Lee et al. in [10] was
utilized in order to deal with the physical limits neglected in
the previous results. In order to create the velocity profile
based on convolution, other physical limits are identified such
as the maximum velocity and maximum jerk, according to the
specification of the mobile robot. However, the convolutionbased trajectory generation only computes the distance of the
straight line between two points. It does not consider the
heading angles at each point of the curve, in other words, the
curvature of the Bézier curve.
Thus, a heading angle considered path planning suggested by
Gil Jin Yang et al in [7] that transform the parameter of the
curve by integrating the convolution-based trajectory of a
straight-line distance to the actual travel distance along the
Bézier curve was used to consider the position of the robot
while travelling along a predetermined path. Furthermore,
practical computations are made easier and more realizable by
transforming the original parameter, to the time domain since
motion of any bodies, such as mobile robots, are expressed
with respect to time.

(4)

n

y (u )  yi   v y (u )dt

(6)

u 0

where n is the total number of sample points and dt is the time
that the robot would take to move from one point to another
along the curve.

Fig. 6. Convolution-based Velocity Profile Considering the
Heading Angles of a Bézier Curve
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Fig. 7. Trajectory using the Convolution-based Velocity
Considering the Heading Angles of a Bézier Curve

Fig. 7 shows the trajectory generated using equations (4-6)
with the generated velocity from the heading angle considered
path planning in Fig. 6. Inability of the generated trajectory to
follow the original path is conspicuous within the figure due
to the high curvature turning points.
Since the heading angle considered velocity was generated in
uniform sampling time, the non-uniform time difference, dt,
was computed using the displacement of each point in the udomain, dS, and corresponding velocity, v, expressed as:
dt 

dS (u )
v(u )

Conclusion
In this paper, a path planning method was proposed to allow a
mobile robot to travel along a cubic Bézier curve with high
curvature turning points during obstacle avoidance. Physical
constraints configured within the mobile robot were also
satisfied while demonstrating uniform sampling time and time
optimality.
A planned path based on a Bézier curve with the
corresponding obstacle avoidance algorithm and velocity
profile generation was simulated as shown in [8].
Although the previous research shows commending results, it
also exhibited longer travelling time, non-uniform time
difference at each sampling point intervals, and inability to
consider other physical constraints, such as velocity limit, of
the mobile robot.
The same path was then simulated using a heading angle
considered path-planning method suggested in [7]. This
approach was able to produce a velocity profile that can deal
with the drawbacks of the preceding study however; it also
demonstrated incapability to follow the original Bézier curvebased path in periodic time sampling.
For the general problem of generating a trajectory for the
mobile robot that can be redirected when approaching a
known obstacle while dealing with all possible physical limits,
an approximation method by applying linear interpolation to
the convolution-based velocity to generate velocity profiles
that compromises all the drawbacks of the previous methods
and time optimality was presented.

(7)

The computed non-uniform time difference is shown in Fig. 8.
Using this result, another trajectory was generated and as
expected, the result was able to follow the desired path.
Since the trajectory was non-periodic, the proposed modified
convolution-based path planning velocity profile was
generated by applying the following linear interpolation
variation:
vuni (t )  v(tn 1 ) 

v(tn )  v(tn 1 )
(t  tn 1 )
tn  tn 1

Fig. 8. Time Difference between Each Point of the
Convolution-based Velocity Considering Heading Angles
of a Bézier Curve

(8)

where the total time from integrating the result from equation
(7) is denoted by tn and the uniformly spaced t is defined as tn1 ≤ t ≤ tn.
Application of the suggested method is shown in Fig. 9 with
its comparison with the heading angle considered pathplanning approach. The corresponding generated trajectory
shown in Fig. 10, shows that the proposed convolution-based
path planning method was able to follow the original path
with high curvature. Moreover, the total travel time calculated
was 0.97 s, which is shorter than the computed travel time
from the two previous methods that exceeded 1 s that makes
the proposed method relatively time-optimal.
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