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a b s t r a c t
The physical meanings of the cap aspect ratio (R) and transition surface parameter (α) of the modiﬁed DruckerPrager cap (MDPC) model have been uncovered in relation to the deviator stress curves of a particulate material
in conventional triaxial testing by simulating the curves using varying R and α based on ﬁnite element analysis. R
controls the rate of the stress rise with the increase of the strain; the smaller the R, the faster the rise of the deviator stress. This phenomenon occurs because, in the p-q plane (p is the mean stress and q is the Mises equivalent
stress), the cap with a smaller R needs to move a shorter distance on the p axis to maintain the current stress
state: a smaller volumetric plastic strain is required according to the hardening law. R does not inﬂuence the maximum value of the deviator stress curve. As for the inﬂuence of α, it artiﬁcially lowers the true failure surface by an
amount that is proportional to α so that a ﬁctitious ultimate failure state is achieved. Therefore, it is desirable to
set α as small as possible unless the numerical analysis using the MDPC model does not produce a converged solution. An analytical expression to calculate the maximum deviator stress that can be predicted by the MDPC
model is provided in terms of α.
© 2015 Elsevier B.V. All rights reserved.

1. Introduction
In particulate materials, shear properties are the most important
properties, while in the bulk metals and bulk ceramics, tensile and compressive properties, respectively, are the most important. Further, the
particulate materials exhibit hydrostatic pressure-dependent yielding
behavior. In order to describe such behavior of particulate materials precisely, a rigorous constitutive model together with its accurate parameters is a prerequisite. In this regard, the modiﬁed Drucker-Prager cap
(MDPC) model has been employed extensively as the constitutive
model [1–58] of the particulate materials in various engineering areas,
especially in describing their compaction behavior. This model demonstrates a reliable prediction capability, especially when monotonic loading is involved. The input information for the MDPC model includes the
parameters describing elastic behavior, the parameters deﬁning the
shear failure surface, the cap parameters (the cap aspect ratio, R, and
the transition surface parameter, α) deﬁning the shapes of the cap and
the transition surface, and the hydrostatic pressure vs. the inelastic volumetric strain relationship governing the movement of the cap. Because
many parameters are involved in the MDPC model, researchers investigated the sensitivity of the model parameters on the prediction result of
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the model via a statistical or a parametric approach [56–58]. They found
that the inﬂuences of the cap parameters (R and α) are the most significant among the material parameters of the MDPC model.
All of the required material parameters in the MDPC model, except
the cap parameters, have straight-forward physical meanings as mentioned in Section 2, and they are determined suitably via experiment.
It is difﬁcult to assign cap parameters to any explicit properties of particulate materials and the experimental determination process is the most
complicated among the model parameters. In the experimental determination process, the conventional triaxial test [59] is generally used
to measure the deviator stress curves as functions of axial and radial
strains at varying conﬁnement pressures. Then, several series of isoplastic-volumetric-strain data points are displayed in the meridional
plane [35–37,60], from which R and α values are determined by nonlinear curve ﬁtting. Thus, the physical meanings of the determined cap
parameters are fairly implicit. The parameter α is especially so because
it was introduced in the MDPC model in order to ensure the stability
in the numerical implementation.
Although the direct correlation of the cap parameters to the properties of particulate materials is difﬁcult to establish due to the implicit nature of the parameters, if we investigate their roles in producing the
deviator stress curves via a systematic simulation, their physical interpretations in relation to the important deviator stress curve may be
found. Although, as mentioned, there has been some studies on the
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sensitivity of the cap parameters, they were carried out from the viewpoint of achieving the ﬁnal density of the powder compact [56,57] or the
axial stress [58], all of which are based on statistical analysis or on the
range of the output of the MDPC model. Thus, one can hardly draw
out the physics-based information on the roles of the cap parameters.
Here we systematically simulate the deviator stress curves of the conventional triaxial test using varying cap parameters and explain why
the observed inﬂuences of the parameters on the deviator stress curve
are manifested based on the principle of the MDPC model. In particular,
this study provides an analytical expression to calculate the maximum
deviator stress as a function of one of the cap parameters, α.
2. Modiﬁed Drucker-Prager cap model
The modiﬁed Drucker-Prager cap (MDPC) model describes the yield
surfaces in the p-q plane, where p is the mean stress (pressure) and q is
the Mises-equivalent shear stress. Fig. 1 illustrates the model, which is
adapted from the original reference [61] for the MDPC model. For the
cylindrical specimen of the conventional triaxial test, q and p are given
by
q ¼ σ a −σ r ¼
p¼

pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
3J 2D

σ a þ 2σ r J 1
¼
3
3

ð1Þ
ð2Þ

where σa and σr are the axial and radial stresses, respectively. q is the
deviator stress in the conventional triaxial test.
As illustrated in Fig. 1, there are three surfaces in the MDPC model:
shear failure surface, cap, and the transition surface. This model adopts
the Drucker-Prager shear failure surface [62], which reﬂects the pressure dependency of the yield surface:
f ðp; qÞ ¼ q−p tan β−d ¼ 0

ð3Þ

where tan β is the slope of the shear failure surface and d is the intercept
of the q axis. β has the physical meaning of the internal friction angle of
the particles. It is determined by the slope of the shear stress line in the
shear stress-pressure domain of the failure surface and reﬂects the degree of interlocking and surface roughness of the particles. d is called
the cohesion intercept which is the shear strength when the applied
pressure is zero; it is the apparent cohesive strength of the particulate
material itself when no external pressure is applied.
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The MDPC model employs a smooth transition surface between the
shear failure surface and the cap in order to eliminate singularities in
numerical implementation of the model, especially when the stress
state moves from the cap surface to the failure surface. The transition
surface is described by a small number α as follows [61]:

p
2
2
2 2
f p; q; εv ¼ ðp−pa Þ þ ½q−ð1−α= cos βÞb −α b ¼ 0

ð4Þ

where pa is the center of the cap on the hydrostatic axis, and α is the parameter related to the radius of the transition surface, as will be seen
later.
The cap yield surface in the MDPC model is given by [61]:

p
2
f p; q; εv ¼ ðp−pa Þ þ



2
Rq
2 2
−R b ¼ 0
ð1 þ α−α= cos βÞ

ð5Þ

where εpv is the plastic strain of the specimen that is determined by the
inelastic (residual) strain when the specimen is unloaded from the hydrostatic pressure value of pb, which is the cap position (intersection)
on the hydrostatic pressure axis. R (=a/b) is the ratio of the horizontal
span of the cap on the hydrostatic axis to the original cap height (when
the transition surface does not exist) and is called the cap aspect ratio.
Since α controls not only the transition surface (Eq. (4)) but also the
cap surface as seen in Eq. (5), α is called a cap parameter in this paper
together with R that controls only the cap surface.
In the numerical implementation of the MDPC model, the direction
of the plastic strain increment is normal to the plastic ﬂow potential
(ﬂow rule). When the stress state is on the cap surface, the plastic
ﬂow potential function is identical to that of the cap surface (associated
ﬂow rule). On the shear failure surface and the transition surface, an elliptical ﬂow potential function is used for both surfaces, which is different from the two yield surfaces (non-associated ﬂow rule) [61]:
qﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ

p
g p; q; ε v ¼ ½ðp−pa Þ tan β2 þ ½q=ð1 þ α−α= cos βÞ2

ð6Þ

Explaining the operation principle of the MDPC model, the specimen
behaves elastically when the stress state of the specimen is located in
the volume surrounded by three surfaces. When the stress state of the
specimen reaches the shear failure surface during the loading, the specimen fails by the shear action with no further change in shear stress or
volume. The position of the cap (pb) on the p axis is controlled by the hydrostatic pressure vs. inelastic volumetric strain relation (hardening
law). Thus, the cap represents a locus of points with the same volumetric inelastic strain. When the stress state reaches the cap, it expands to
deﬁne a new yield surface according to the hardening law, which allows
additional plastic deformation after the yielding of the particulate materials (work hardening) prior to reaching the ultimate failure state deﬁned by the failure surface. The stress state is on the surface of the
moving cap during the plastic deformation because the stress state cannot be located beyond the yield surface. The moving cap also accounts
for the plastic deformation under a pure hydrostatic loading. When
the stress state reaches the failure surface that is located within the
cap, the cap contracts toward the stress state on the failure surface.
Then, the position of pb decreases, which means, according to the hardening law, a decrease of the inelastic volume strain (i.e., the dilation of
the particulate materials). The dilation ends when the contracting cap
reaches the stress state on the failure surface.
In this study, we discuss all the terms (including material parameters) in the p–q plane following the deﬁnitions in the original reference
[61] of the MDPC model. A positive sign is assigned to the compression.
3. Numerical analysis

Fig. 1. Yield surfaces of the modiﬁed Drucker-Prager cap (MDPC) model in p–q plane.
Adapted from the original reference [61] of the MDPC model.

For the numerical analysis of the constitutive behavior of the specimen in conventional triaxial test, a single cuboidal element (an eight
node linear brick element) with a 25 × 25 × 25 mm size was used
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(Fig. 2). The nodes in the x-y plane were not allowed to move in the z
direction (The x-y plane is the bottom surface of the cuboidal specimen
and is the support plane for the specimen.). The movement of nodes in
the y-z plane was ﬁxed in the x direction and the nodes in the z-x plane
were also the case in the y direction.
To simulate the hydrostatic loading stage in the conventional triaxial
test, the same magnitude of pressure was applied to three visible surfaces of the cuboidal model shown in Fig. 2. For the subsequent shear
loading stage, the z-displacement of nodes at the top surface of the
model was controlled to achieve the shear state of the specimen.
The parameter set of the MDPC model used in this study (except for
the cap parameters) is summarized in Table 1. According to Reference
[52], the model parameters used in this study (Table 1 and the R value
of 0.404) ﬁt the triaxial deviator stress curves of a soil compact [63] at
varying conﬁnement pressures; conventional triaxial testing has been
carried out most extensively for soils compared with any other particulate materials. In the numerical implementation of the MDPC model, the
initial cap yield surface position on the hydrostatic pressure axis when
the analysis begins is deﬁned by the initial inelastic volume strain,
εin
v (0). It is the parameter indicating the degree of the initial compaction
of the specimen. As the initial cap position increases, the pressure required to further compress the material increases (The required pressure is determined by the hardening law). In this study, εin
v (0) was set
to zero, which means that the specimen was initially consolidated to
47.381 kPa (See table 1) before starting the conventional triaxial test;
the required pressure to initiate the isotopic (hydrostatic) plastic deformation is set to this pressure.

Table 1
The parameter set of the MDPC model (in the q-p plane) used in this study. The cap parameters (R and α) were varied.
d (kPa)

β (o)

E (MPa)

v

Hardening law (kPa)
(x = εin
v )

46.930

56.518

80

0.35

p = 783, 694x2 + 4, 302.8x + 47.381

Comparing the load paths in the p–q domain for the two different
simulation cases with different R values when α = 0 (Fig. 4), there is
no difference in the load path. Both cases reach the shear failure surface
with a theoretical slope of 3 [64] during the shear loading stage. We also
checked the inﬂuence of R on the deviator stress curve at nonzero values
of α (not shown) and found that (1) a smaller R resulted in a faster rise
of the deviator stress curve and (2) the maximum deviator stress was
not inﬂuenced by R if the strain increased sufﬁciently (However, the
maximum shear stress did not reach the failure surface when α was
nonzero. This issue is treated in the next subsection.).
In order to understand the reason a reduced R value results in a
faster rise of the deviator stress curve (and vice versa for an increased
R), refer to Fig. 5, which compares the cap with a large R and a small
R. In the hydrostatic loading stage of the conventional triaxial test, the
stress state of the specimen moves from the origin to point pb⁎. In this
stage, the current stress state lies on the pressure axis. Because the current stress state during plastic deformation is always on the cap, the

4. Results and discussion
4.1. Effect of R on the deviator stress curve
The deviator stress (q) curves of the conventional triaxial test were
simulated at varying conﬁnement pressures based on the MDPC
model using varying values of R. Alpha was set to zero at all times to uncover the pure inﬂuence of R. Two examples of the simulated shear
stress curves (when R = 0.404 and 0.289) are shown in Fig. 3(a). The
pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
R values of 0.404 and 0.289 in the p-q (p− 3J 2D ) plane correspond
pﬃﬃﬃﬃﬃﬃﬃ
to the R values of 0.7 and 0.5 in the p− J 2D plane. When the R value
is smaller (0.289), the deviator stress rises faster with the strain at all
of the investigated conﬁnement pressures. As the axial strain increases
sufﬁciently, however, there is no difference in the deviator stress regardless of the R value. Using the curves at 310 kPa shown in Fig. 3(a),
the relative difference of q (Δq/q) was quantiﬁed and the result is
shown in Fig. 3(b). As seen in Fig. 3(b), the relative difference of q is considerable (as high as approximately 0.17) when ΔR/R is -0.285 (=
(0.289-0.404)/0.404).

Fig. 2. Schematic illustration of the model for the ﬁnite element analysis.

Fig. 3. (a) Curves of the deviator stress q at varying conﬁnement pressures as a function of
axial strain during the shear loading stage of the conventional triaxial test (α = 0). Arrows
indicate the direction of the curve shift at each conﬁnement pressure as R decreases from
0.404 (solid curves) to 0.289 (dashed curves). (b) Plot for Δq/q.
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at the current (p, q) state means the evolution of a smaller εa at the current values of p and q (=3p), as illustrated in Fig. 6. In this ﬁgure, for a
given value of q (current stress state), a smaller volumetric strain (a
smaller axial strain) is evolved when R is smaller (0.289), which indicates that a smaller R value results in a faster rise of q in the q-εa domain
(Fig. 3).
In Fig. 6, a given q value is achieved at a smaller εv (a smaller εa)
when R is small. However, the same q value is certainly achieved later
(at a larger εv and εa) when R is large. The only thing that matters for
a larger R to achieve the ultimate (maximum) shear stress level is that
the cap needs to move out further according to the hardening law
(Fig. 5). Thus, the deviator stress q is the same eventually when the
strain increases sufﬁciently regardless of the R value, which explains
why R does not inﬂuence the maximum shear stress level that can be
achieved in the specimen.
Fig. 4. Simulated load paths of the specimen at varying conﬁnement pressures (α = 0).
The two simulated cases for R = 0.289 and 0.404 coincide.

4.2. Effect of α on the deviator stress curve

current stress state is the intersection point between the cap and the
pressure axis; the cap position (the intersection point) is the current stress
state. Meanwhile the current stress state lies in the pressure axis, the cap
position is the same for any caps with different R values, because, whatever R value the cap has, the position of any caps (intersection point)
should describe the current stress state that lies in the pressure axis.
An example is illustrated in Fig. 5 by dashed caps with different R values
which are located at the same cap position (pb⁎).
As the shear loading stage starts in conventional triaxial testing, the
current stress state offsets from the pressure axis (from point pb⁎) and
moves along the load path with a slope of 3. At the beginning of the
shear loading stage, as mentioned, the initial cap position is at pb⁎ regardless of the magnitude of R. Now consider a current (p, q) state of
the specimen during the shear loading stage (Fig. 5). The current (p,
q) state (1) should follow the path with a slope of 3 and (2) is always
on the cap because the stress state cannot be located outside of the
yield surface. Therefore, the evolved shape of a large cap and that of a
small cap at the current state (p, q) should be like the solid curves illustrated in Fig. 5. In this current stress state (p, q), the cap with a small R
has moved out a shorter distance on the hydrostatic axis (to pSb) than
the cap with a large R has done (pLb). This ﬁnding means that a smaller
plastic volumetric strain (εv) has been evolved for the cap with the
smaller R according to the hardening law. The evolution of a smaller εv

The deviator stress curves of the conventional triaxial test were simulated at varying conﬁnement pressures based on the MDPC model
using varying values of α. R was set to 0.404 at all times to uncover
the pure inﬂuence of α. Two examples of the simulated shear stress
curves (α = 0 and 0.1) are shown in Fig. 7. As seen in this ﬁgure, a larger
α (solid curves) results in a diminished q value no matter how much the
strain increases; the curve shifts downward as α increases. We also
checked the inﬂuence of α on the deviator stress curve at other values
of R (not shown) and found the same result. When α has a non zero
value (e.g., 0.1), the investigation of the load path (Fig. 8) reveals that
the stress state of the specimen does not reach the failure surface (It
reaches the failure surface when α = 0 regardless of the value of R as
seen in Fig. 4.). The ﬁnal q values in Fig. 8 (the points at the end of
each load path) are the same as the maximum q values of the corresponding solid curves (α = 0.1) in Fig. 7. As the loading progresses (as
the axial strain increases), the value of q (Fig. 7) as well as that of p
(=1/3q) is saturated, thereby resulting in an asymptotic approach of
the current stress state toward the ﬁnal (p, q) point located at the end
of each load path in Fig. 8.
In order to understand why an increased α value results in a diminished maximum deviator stress (Figs. 7 and 8), we revisited the MDPC
model shown in Fig. 1 (adapted from the original reference of the
MPDPC model) and interpreted the model as illustrated in Fig. 9. In
Fig. 9(a), the transition surface (in red) is a right circle with the radius
r (=αb) where α is the ratio of the radius of the transition surface (r)

Fig. 5. Schematic illustration of the caps with two different R values at the current stress
state (p, q) when α is zero.

Fig. 6. The proﬁles of axial (εa), radial (εr = εx = εy), and volumetric (εv = εa + 2εr) strains
at the conﬁnement pressure of 310 kPa as functions of q (α = 0). The arrows indicate the
decrease of the respective strains as R decreases from 0.404 (solid curves) to 0.289
(dashed curves). Because the signs of εa and εr are different, the change in εv is less significant than that of εa or εr.
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Fig. 7. Curves of the deviator stress q (=σa- σr) at varying conﬁnement pressures as a
function of axial strain during the shear loading stage of the conventional triaxial test
(R = 0.404). Arrows indicate the amount of the curve shift at each conﬁnement pressure
between the α values of 0 (dashed curves) and 0.1 (solid curves).

to the height of the original cap when α is zero: α = r/b (See Appendix
A). The transition surface can be considered to start from the point m on
the vertical line i-pa toward the shear failure surface (point j): the length
of the arc is αβb (β in radian). Then, the original cap surface is modiﬁed
in the MDPC model by squeezing the original cap along the vertical direction until the top of the original cap meets the point m. (The reason
why we interpret the modiﬁed cap surface in this way is provided in
Appendix A.) Then, the decrease of the cap height is proportional to α
as qualitatively seen in Fig. 9(b). The degree of squeeze of the modiﬁed
cap surface along the vertical direction is proportional to α: the larger
the α, the larger the degree of the modiﬁcation (squeezing) of the original cap.
As seen in Fig. 9(a), the intersection between the transition surface
and the cap surface (point m) is the maximum point of the two surfaces.
With this ﬁnding in mind, refer to Fig. 10 which shows the caps located
at varying positions; at the initial state of the load path in the shear stage
(noted by superscript o), at the intermediate state (superscript i), and at
the state when the stress state on the load path reaches the maximum
point (superscript m). As the stress state (p, q) follows the load path
with a slope of 3, the position on the cap surface (the current stress
state) moves up along the cap. When the current stress state reaches
point m, the cap cannot move out further because (1) point m is the
maximally allowable q value on the cap and the transition surfaces at
the current volumetric strain (corresponding to pm
b ) and (2) any further

Fig. 8. Simulated load paths of the specimen at varying conﬁnement pressures when α is
0.1 (R = 0.404).

Fig. 9. Interpretation of the MDPC model (a) for a given α and (b) for two different values
of α.

progress of the stress state should follow the load path with the slope of
3. Therefore, the stress state of the specimen is ﬁxed at the maximum
point m (pm, qm). This reasoning is consistent with the fact that the proﬁles of the volumetric strain and pressure are saturated with the progress of the axial displacement (Fig. 11). In Fig. 11, when α increases
from 0 to 0.1, the saturation values of εv (and subsequently p) decrease,
together with the decreased q value when α increases (Fig. 7): The (p, q)
state never reaches the shear failure surface. Although the saturation
values of q’s are α-dependent, once they reach their maximal values,
they vary no longer in spite of the progress of the axial strain; the stress
state in the p-q domain is ﬁxed (point m in Fig. 10).
When α N 0, it can be said that the saturated stress state (where q is
maximum) reaches a new ultimate failure state in that there is no
change in shear stress (Fig. 7) or volume (Fig. 11) [65] in the saturated
stress state. Therefore, α artiﬁcially lowers the true (original) failure surface deﬁned by d and tanβ by the amount that is proportional to α so
that a ﬁctitious ultimate failure state is achieved. When α is overly
large, the moving part of the yield surface is the combination of a
large circle (the transition surface) with a signiﬁcantly squeezed ellipse
(the cap in Fig. 9(b)), which causes the problem of lowering the ultimate failure state excessively. In the framework of the MDPC model,
the shape of locus of the iso-inelastic-volume strain in the p-q domain
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Fig. 10. Schematic illustration of the caps located at varying positions; at the initial state of
load path in the shear stage, at the intermediate state, and at the state when the stress
state following the load path reaches the maximum point.

(the shape of the cap surface) should be described solely by the change
in R because the description of the cap shape by way of setting a nonzero valued α (α N 0) artiﬁcially lowers the yield surface. This ﬁnding
suggests that, when we experimentally determine the cap parameters
of a given particulate material, it is desirable to obtain the R value by setting the value of α as zero. Recall that α was introduced to the MDPC
model simply to impose a numerical stability. It is not a material
constant.
Ref. [36] experimentally obtained R with an overly large α (α =
0.224 or 2.776). In this reference, the set of R and α was determined simultaneously from the non-linear ﬁtting of all available sets of isoinelastic-volume-strain loci. If R was determined by setting the value
of α as zero, the value of R could be determined for each set of the isoinelastic-volume-strain locus, which could reveal the evolution of R as
a function of the inelastic volumetric strain.
In numerical analysis, it is desirable to set α as small as possible unless the numerical analysis using the MDPC model does not produce a
converged solution. The user of the model may set a non-zero value of
α from the viewpoint of apparently ﬁtting an engineering event. If the
engineering event of interest is simulated successfully with only an
overly large α, it results from the numerical ﬁction of the model (the
limitation of the model) because α renders the model not to reach the
true failure surface of the material.
We now seek an analytical expression to calculate the maximum deviator stress. In Fig. 12, q values of point f (qf) and point m (qm) are

Fig. 12. Deﬁnition of Δq (the difference of the maximum deviator stress between the cases
of α =0 and α N0) in the p–q domain.

maximum deviator stresses when α = 0 and α N0, respectively. In
Fig. 7, the difference of the maximum deviator stress between the
cases of α = 0 and α N0 is noted as Δq. Δq can be deﬁned in the p-q
domain as seen in Fig. 12.
Based on the process shown in Appendix B, qm is expressed as
follows:
m

q ¼

3ðzd þ 3cÞ
−3c
3−z tanβ

ð7Þ

where c is the conﬁnement pressure and z is the ratio of the height
(b′) of the modiﬁed cap to that (b) of the original cap (See Fig. 9(a)). z
is given as a function of α by

z≡

b0
α
¼ 1 þ α−
cos β
b

ð8Þ

When z = 1 (α = 0), Eq. (7) predicts the value of qf (See Fig. 12.). In
this case, Eq. (7) predicts qf values of 408.5, 618.8, and 1039.4 kPa for the
conﬁnement pressures of 103, 172, and 310 kPa, respectively. When α is
0.1 (z = 0.919), qm values predicted by Eq. (7) are 346.7, 525.2, and
882.1 kPa, respectively. All of these calculated values by Eq. (7) are identical to the maximum (saturated) q values numerically obtained in Fig. 7
at respective conﬁnement pressures. From this ﬁnding, the validity of
the analytical expression (Eq. (7)) is conﬁrmed.
4.3. Mixed inﬂuence of R and α on the deviator stress curve

Fig. 11. Change in the volumetric strain and pressure as functions of axial strain for the
conﬁnement pressure of 310 kPa (R = 0.404).

When we simulated the cases with varied R and α simultaneously
(not shown), the inﬂuences of R and α operated independently. Thus,
the individual ﬁndings (described in the previous subsections) on the
inﬂuence of R and that of α on the shear stress curve are generally applied for arbitrary sets of R and α. The ﬁndings on the inﬂuence of R
on the deviator stress of the conventional triaxial test may be applied
to other types of the cap models such as the geologic cap model [66]
and the continuous surface cap model [66,67]. In the continuous surface
cap model, the shape of the transition surface is different from that of
the MDPC model, while it is noted that there is also a maximum point
in the moving part of the yield surface like the case of the MDPC model.
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The gap between the shear failure surface and the maximally allowable q value of the specimen is noted as x (Fig. 9(b)), which means that

5. Conclusion
The physical meanings of the cap parameters (the cap aspect ratio, R,
and transition surface parameter, α) of the modiﬁed Drucker-Prager cap
(MDPC) model have been uncovered in relation to the deviator stress
curves of particulate materials in conventional triaxial testing by simulating the curves using varying R and α based on the ﬁnite element analysis. R controls the rate of rise of the deviator stress with the increase of
the strain; the smaller the R, the faster the rise of the deviator stress. This
phenomenon occurs because, in the p–q space, the cap with a smaller R
needs to move a shorter distance on the p axis to maintain the current
stress state: a less plastic volumetric strain is required according to the
hardening law. R does not inﬂuence the maximum value on the deviator
stress curve of the specimen; the only thing that matters for the larger R
is that the cap needs to move out further (a further plastic volumetric
strain is required) for the specimen to reach the maximum deviator
stress. As for the inﬂuence of α, it artiﬁcially lowers the true failure surface by the amount that is proportional to α so that a ﬁctitious ultimate
failure state is achieved. Therefore, when we experimentally determine
the cap parameters of a given particulate material, it is desirable to obtain the R value by setting the value of α as zero. In numerical analysis, it
is desirable to set α as small as possible unless the numerical analysis
using the MDPC model does not produce a converged solution. If an engineering event of interest is simulated successfully with only an overly
large α, it results from the numerical ﬁction of the model (the limitation
of the model) because α renders the model not to reach the true failure
surface of the material. An analytical expression to calculate the maximum deviator stress is provided in terms of the parameters of α and
the true failure surface. The inﬂuence of R and that of α operate independently so that the individual ﬁndings on the inﬂuence of R and
that of α on the deviator stress curve are generally applied for arbitrary
sets of R and α.

0

b ¼ b−x
The gap x is given by


1
−1
x ¼ k−αb ¼ αb
cos β

z≡

b0 b−x
x
¼ 1−
¼
b
b
b

z ¼ 1 þ α−

α
cos β

ðA7Þ

This term (the height ratio of the caps) is found in the cap function
(Eq. (5)) and the ﬂow potential function (Eq. (6)). If we plug Eq. (A7)
into the deﬁnition of z, which is b′ = bz,

0
b ¼ b 1 þ α−

α
cos β


ðA8Þ

If the modiﬁed cap were constructed by squeezing the original cap
along the vertical direction to form a new type of ellipse, the following
ellipse relation should hold:

ðp−pa Þ þ

This appendix explains (1) the right-circular nature of the transition
surface and (2) the reason the modiﬁed cap (when α N 0) in the modiﬁed Drucker-Prager cap model is interpreted to be squeezed from the
original cap along the vertical direction. In Fig. 9(a), b is the height of
the original cap when α is zero. The height of the modiﬁed cap is
noted as b′.
From the consideration of the rectangular triangle Δijo shown in
Fig. 9(a), we ﬁnd the relation:
k cos β ¼ αb

ðA1Þ


ðA2Þ

If the right circle with radius r (=αb) is shifted from the origin to the
point O (pa, qo), the function of the circle will be
2

2 2

ðp−pa Þ þ ½q−ð1−α= cos βÞb −α b ¼ 0

R2 q 2
2 2
¼R b
ð1 þ α−α= cos βÞ2

Appendix B
In order to calculate qf and qm shown in Fig. 12, we ﬁrst seek pm
a and
respectively. Note that, from the knowledge of the slope of the load
path, the load path function is

pfa,

ðB1Þ

where c is the conﬁnement pressure.
pfa is obtained by equating the load path function (Eq. (B1) with the
shear failure surface function (Eq. (3)):
f

pa ¼

ðA3Þ

which is identical to the transition surface function of the MDPC model
(Eq. (4)). Thus, the transition surface is a right circle with radius r
(=αb) located at the point O.

ðA10Þ

Eq. (A10) is identical to the cap function (Eq. (5)). Thus, the modiﬁed
cap (α N 0) in the MDPC model turns out to be constructed by squeezing
the original cap (α = 0) along the vertical direction by the amount of x
given by Eq. (A5) or by the height ratio of the caps with z (Eq. (A7)).

q ¼ 3ðp−cÞ

Then, the vertical coordinate of point O (qo) is
α
cos β

ðA9Þ

Substituting Eq. (A8) for b′ in Eq. (A9) leads to
2

2

ðA6Þ

By plugging Eq. (A5) into (A6),

This study was ﬁnancially supported by the Ministry of Education,
Science, and Technology through the National Research Foundation
(NRF) of Korea under contract No. 2013R1A1A2007455.
Appendix A

ðA5Þ

The height ratio of the modiﬁed and original cap (z) is expressed as

ðp−pa Þ2 q2
þ 02 ¼ 1
R2 b2
b

Acknowledgments


o
q ¼ b−k ¼ b 1−

ðA4Þ

d þ 3c
3− tanβ

ðB2Þ

Subsequently qf is obtained by substituting Eq. (B2) for Eq. (B1):
f

q ¼3



d þ 3c
−c
3− tan β


¼

3ðd þ c tan βÞ
3− tan β

ðB3Þ
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For the expression of qm, as mentioned, pm
a is ﬁrst obtained by equating the load path function (Eq. (B1)) with the cap function (Eq. (5)):
2 2

2

ðp−pa Þ þ

R q
2 2
¼R b
z2

ðB4Þ

By plugging Eq. (B1) into Eq. (B4),
2

ðp−pa Þ þ

9R2 ðp−cÞ2
2 2
¼R b
z2

ðB5Þ

When p = pa = pm
a , Eq. (B5) transforms to
 m 2
2 2
9 pa −c ¼ z b

ðB6Þ

which yields the relation
m

pa ¼

1
zb þ c
3

ðB7Þ

By noting that b = a/R, and a is given by (d + pm
a tan β)R, Eq. (B7)
transforms to
m

pa ¼

zd þ 3c
3−z tan β

ðB8Þ

Plugging Eq. (B8) to Eq. (B1) yields qm as
m

q ¼

3ðzd þ 3cÞ
−3c
3−z tan β

ðB9Þ

When z = 1 (α = 0), Eq. (B9) becomes Eq. (B3). From Eqs. (B3) and
(B9), Δq shown in Fig. 12 is expressed as follows:
f

m

Δq≡q −q ¼

3ðd þ c tan βÞ 3ðzd þ 3cÞ
−
þ 3c
3− tan β
3−z tan β

ðB10Þ
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