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a b s t r a c t
Two types of cap parameters were determined by ﬁtting the experimentally obtained triaxial deviator
stress curves found in the literature using the modiﬁed Drucker–Prager cap model. The two types of
parameters were extracted using the specimen model that deforms uniformly or non-uniformly
(barreling). The parameter set extracted from the non-uniformly deforming specimen model reasonably
predicted the experimental deviator stress curves obtained from the barreling specimen. However, when
the parameter set extracted from the uniformly deforming specimen model was used to simulate the
experimental curves from the barreling specimen, the prediction was inferior to the set from the
non-uniformly deforming model. Considering versatile types and properties of particulate materials
(e.g., ceramic, metal, pharmaceutical powders and soils), we suggest to verify the prediction capabilities
of the parameter sets from each specimen model. The stress path of the barreling specimen during the
conventional triaxial test was fairly complex depending on the position in the specimen. Pure hydrostatic
loading was not achieved even during the hydrostatic loading stage. In the shear loading stage, the
position-averaged stress path showed
a lower slope in the meridional plane than that of the uniformly
pﬃﬃﬃ
deforming specimen with a slope of 3.
Ó 2014 Elsevier B.V. All rights reserved.

1. Introduction
The computer simulation of the compaction behavior of particulate materials (e.g., ceramic, metal, pharmaceutical powders and
soils) has received much interest [1–48]. In addition to the shear
yielding (failure) behavior, particulate materials exhibit hydrostatic pressure-dependent yielding behavior, while the yielding
of bulk metals do not exhibit the hydrostatic pressure dependency.
In order to describe such yielding behavior of particulate materials,
the modiﬁed Drucker–Prager cap (MDPC) constitutive model has
been employed frequently in many engineering areas [2–46]. This
model is suitable for a variety of application areas involving monotonic loading. The input information for the MDPC model includes
parameters for describing elastic behavior, parameters that deﬁne
the shear failure surface, parameters of the moving cap (the cap
aspect ratio R and the transition surface radius a) that deﬁne the
⇑ Corresponding author.
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shape of the cap and transition yield surfaces, and the hydrostatic
pressure vs. inelastic volumetric strain relation that govern the
movement of the cap. Among the required input parameters, the
cap parameters (i.e., R and a) are the most difﬁcult to determine
experimentally while its inﬂuence on the deformation behavior
of the compacted particulate materials is higher than any of the
other parameters [40,41].
In order to determine R and a experimentally, the conventional
triaxial test [49] is generally used which measures the deviator
stress curve as functions of axial and radial strain at varying conﬁnement pressures. In an experimental approach, several series
of isoplastic-volumetric-strain data points are displayed in the
meridional plane [45–48], from which the R and a values are determined by a non-linear curve ﬁtting. In this process, signiﬁcant scattering of the iso-plastic-volumetric-strain data points is often
found [45–48], which, along with the complexity of the method,
may be a disadvantage of the experimental determination process.
Because of the difﬁculty in determining the cap parameters experimentally, alternative methods have been developed. For instance,
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Wagle et al. [42] developed a numerical model to determine cap
parameters from the measured distribution of the green density.
Lu [43] developed a method that uses a combination of a numerical
optimization method and material tests. An alternative method to
simply determine the R and a values from conventional triaxial
testing is to simulate the experimentally obtained triaxial deviator
stress curve by assuming varying R [50,51] and a. The set of R and
a, which simulates the triaxial curves most accurately at varying
conﬁnement pressures, is then selected. This approach may be
called the simulation-based determination process, which is simpler and may result in a more reliable set of R and a values than
the experimental approach.
In interpreting the triaxial deviator stress curve, it should not be
overlooked that the triaxial specimen barrels signiﬁcantly during
the test of particulate materials: the specimen deforms non-uniformly. Although the non-uniform stress state in the barreled
(non-uniformly deformed) specimen has been considered [52,53],
there are few studies on the extent of curve (the true material
properties) deviation under the inﬂuence of barreling. In this
regard, we recently observed that there was a non-negligible inﬂuence of the specimen barreling on the determined deviator stress
curve [54]; the triaxial curve was affected by both the true material
properties and an artiﬁcial effect (i.e., specimen barreling). Therefore, any simulation of the triaxial behavior of the specimen needs
to be carried out based on a specimen model that accounts for the
barreling. However, most simulations reported in the literature
were carried out using specimen models that deform uniformly
[55,56]. If a simulated deviator stress curve for the model of the
uniformly deforming (non-barreling) specimen reasonably ﬁts
the experimental curve obtained from the barreling specimen,
the parameter set used for the simulation cannot be a true material
parameter set. This is because, as mentioned above, the experimental curve is manifested not solely by the true material properties but includes the artiﬁcial effect of the non-uniform
deformation (barreling) of the specimen. The parameter set used
for the simulation can be regarded the true material parameter
set only when the simulated triaxial deviator stress curve using
the model of the barreling specimen reasonably ﬁts the experimental curve.
Based on the above reasoning, it is of interest to investigate how
much difference exists between the prediction capabilities of two
types of the parameter sets determined under the assumptions of
uniformly and non-uniformly deforming specimens. For this purpose, we numerically determined two types of the parameter sets
for R and a, by ﬁtting the experimentally determined triaxial deviator stress curves found in the literature [51]. Then, we compared
the capability of two types of the parameter sets in predicting the
experimental triaxial curve. We also investigated the stress path of
the barreling specimen with reference to the uniformly deforming
specimen. In this paper, positive sign is assigned to the
compression.

cohesion intercept, respectively, in the shear stress–normal stress
domain on the failure surface.
In 1957, Drucker et al. [58] added a spherical cap to the Drucker–Prager failure criterion, which is known as the Drucker–Prager
cap model. While the spherical yield surface cap that they proposed is one of the simplest yield surfaces to describe the concept
of work hardening, the shape of the yield surface may not necessarily be circular. In this regard, an elliptical yield surface with
varying aspect ratios was also considered [59,60]. The elliptical
yield function is
2

2

f ðJ 1 ; J 2D ; epv Þ ¼ ðJ 1  lÞ þ R2 J 2D  ðxðepv Þ  lÞ ¼ 0

ð2Þ

where R is the aspect ratio of the ellipse, l is the location of the
intersection of the Drucker–Prager surface and the cap in the J1 axis,
and x is the position of the cap in the J1 axis.
The yield criterion, which is composed of Eqs. (1) and (2), is
implemented in a commercial ﬁnite element package, Abaqus
[61], with the addition of a new yield surface (called the transition
surface) located between the shear failure surface and the elliptical
cap. This model is referred to as the modiﬁed Drucker-Prager
pﬃﬃﬃﬃﬃﬃﬃﬃﬃ cap
(MDPC) model. The MDPC model is expressedpin
the
3J 2D  p
ﬃﬃﬃﬃﬃﬃ
(q  p) plane as seen in Fig. 1, instead of the J 2D  J 1 plane. In
the q  p plane, the Drucker–Prager yield function (shear failure
surface) is given by

f ðp; qÞ ¼ q  p tan b  d ¼ 0

ð3Þ

where d and b are deﬁned in Fig. 1.
The transition surface is introduced for the purpose of the stability of the numerical analysis using the model. The radius of
the transition surface is controlled by the parameter a as seen in
the following equation [61]:
2

2

f ðp; q; epv Þ ¼ ðp  pa Þ2 þ ½q  ð1  a= cos bÞb  a2 b ¼ 0

ð4Þ

By the introduction of the transition surface to the MDPC
model, the cap yield function of the MDPC model does not touch
the shear failure surface as seen in Fig. 1. Thus, the cap yield function of the MDPC model is modiﬁed from Eq. (2) as follows [61].

f ðp; q; epv Þ ¼ ðp  pa Þ2 þ



2
Rq
2
 R2 b ¼ 0
ð1 þ a  a= cos bÞ

ð5Þ

Since a controls not only the transition surface (Eq. (4)) but also
the cap surface as seen in Eq. (5), a is called a cap parameter in this
paper together with R that controls only the cap surface.

2. Cap constitutive models
In order to describe the hydrostatic pressure-dependent yield
phenomenon, Drucker and Prager [57] extended the von Mises
yield criterion for metals by introducing a dependence on the
hydrostatic pressure (J1/3). The Drucker–Prager yield function is
given by

f ðJ 1 ; J 2D Þ ¼

pﬃﬃﬃﬃﬃﬃ
J 2D  hJ 1  k ¼ 0

ð1Þ

where J1 is the ﬁrst stress invariant, J2D is the second invariant of the
deviatoric stress, and h and k are positive material constants. When
h is zero, Eq. (1) reduces to the von Mises yield criterion. The parameters h and k are related to the angle of internal friction and

Fig. 1. Yield surfaces of the modiﬁed Drucker–Prager model in
plane [61].

pﬃﬃﬃﬃﬃﬃﬃﬃﬃ
3J2D  p (q  p)
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In the numerical implementation of the MDPC model, the associated ﬂow rule is applied on the cap surface while the non-associated ﬂow rule is used for the transition surface and the shear
failure surface [61]. As for the operation principle of the model,
the cap represents a locus of points with the same volumetric
inelastic strain and its position in the hydrostatic axis is controlled
by the hydrostatic pressure vs. inelastic volumetric strain relation
(hardening law). When the stress state reaches the cap, it expands
to deﬁne a new yield surface according to the hardening law,
which allows additional plastic deformation after the yielding of
particulate materials (work hardening) prior to reaching the ultimate failure state deﬁned by the failure surface. The moving cap
also accounts for plastic deformation under pure hydrostatic loading. If a new stress state reaches the failure surface inside the cap
by unloading, the cap contracts until the intersection point
between the cap and the failure surface reaches the new stress
state on the failure surface. Then, the position of pb (deﬁned in
Fig. 1) decreases simultaneously, which represents the decrease
of the inelastic volume strain (i.e., the dilation of the particulate
materials) according to the hardening law.

3. Numerical experiment
Although one-quarter of the space of a cylindrical triaxial specimen can be analyzed by taking symmetry into account, the present investigation analyzes one-half of the 2D axisymmetric space
(Fig. 2) to aid the visualization of the barreling phenomenon. The
y-axis is the axis of symmetry. The modeled size of the radial x–y
plane of the specimen was 0.75 in. (19.05 mm) in radius and
3.0 in. (76.20 mm) in height. The model was discretized using 4node bilinear axi-symmetric quadrilateral elements. The number
of elements for the specimen was 200 and the size of the elements
passed a separate mesh quality test.
For the simulation of the uniformly deforming specimen, the
nodes at the top of the specimen were allowed to move freely
not only along the axial (y-axis) direction but also along the radial
(x-axis) direction. The nodes at the bottom of the specimen were
allowed to move only along the radial direction. For the non-uniformly deforming (barreling) specimen, an end constraint was
imposed. The nodes at the top of the specimen were allowed to
move only along the axial direction. The movement of nodes at
the bottom of the specimen was ﬁxed in all directions. For each
type of specimens, the radial movement of the nodes along the
y-axis was not allowed to reﬂect the axial symmetry.
In order to realize the hydrostatic loading condition, the same
magnitude of the axial and radial pressure was applied to the top
and radial (circumferential) surfaces of the model: the magnitude

is the conﬁnement pressure. For the subsequent deviatoric loading
stage, the axial displacement of nodes at the top of the specimen
was controlled (up to 20 mm which is 0.304 in axial strain) to
achieve shear state of the specimen. The additional axial stress
applied solely in the shear stage was determined by extracting
the reaction force at the top end nodes and dividing it by the current area of the specimen. When simulating the uniformly deforming specimen, the current area was determined using information
on the displacement of the node at the radial end of the specimen.
When simulating the non-uniformly deforming specimen, the current area of the specimen was determined following the method
that is utilized in a real experiment; the current area is calculated
by assuming that the specimen remains as a right circular cylinder
and by taking into account the volume change in the shear stage.
Thus, the following equation was used [49]:

A¼



Ao
DV
1þ
Vo
1e

ð6Þ

where A is the cross sectional area of the specimen, Ao is the initial
area at the beginning of the shear loading, e is the axial strain (engineering) with reference to the initial length of the specimen at the
beginning of the shear stage (positive for compression), and DV/Vo
is the ratio of the volume change (DV) with reference to the initial
volume (Vo) of the specimen at the beginning of the shear stage
(positive for tension).
The parameter set of the MDPC model used in this study, which
aims to simulate the triaxial deviator stress curve reported by Lee
et al. [51], is summarized in Table 1. In order to obtain the failure
surface parameters (i.e., d and b), the maximum (peak) deviator
stresses of their triaxialpcurves
at varying conﬁnement pressures
ﬃﬃﬃﬃﬃﬃ
were transferred to the J 2D  p plane, and a linear ﬁt was applied.
The elastic parameters, i.e., the elastic modulus (E) and Poisson’s
ratio (m), were adapted from their study [51]. The hardening law,
i.e., the hydrostatic yield pressure (p) vs. inelastic volumetric strain
(ein
v ) relation, was obtained in this study by ﬁtting their data set for
the pressure-total volumetric strain (etot
v ) relation to a second order
equation (as seen in Table 1); the elastic strain was assumed to be
negligible in their (p, etot
v ) data set and their current volumetric
strain was assumed to be the inelastic volumetric strain (the residual volumetric strain when unloaded). The cap parameters (R and
a) were varied until they ﬁt the experimental deviator stress vs.
axial strain curves. In the Abaqus implementation of the MDPC
model, the initial cap yield surface position on the hydrostatic
pressure axis when the analysis begins is deﬁned by the initial
inelastic volume strain, ein
v ð0Þ. As the initial cap position increases,
the pressure required to plastically deform the material increases;
the required pressure is determined by the hardening law. Thus,
einv ð0Þ is the parameter that indicates the degree of initial compaction of the specimen. In this study, ein
v ð0Þ was set to zero for the
simulation of the triaxial loading, which means that the required
pressure to initiate the inelastic volume strain (plastic deformation) was set to be 47.381 kPa (see Table 1).
The MDPC model is described in the q  p plane, where q is

q¼

pﬃﬃﬃﬃﬃﬃﬃﬃﬃ
3J 2D ¼ ra  rr

ð7Þ

for the cylindrical specimen in the conventional triaxial test. Many
researchers who investigated the behavior of particulate materials
pﬃﬃﬃﬃﬃﬃ
using the MDPC model described the yield criteria in the J2D  p
plane [2–6,46]. In this paper, we discuss the model parameters
Table 1
pﬃﬃﬃﬃﬃﬃ
The parameter set of the MDPC model (in J2D  p plane) used in this study. The cap
parameters (R and a) were varied.

Fig. 2. Schematic illustration of the model for the ﬁnite element analysis.

d (kPa)

b (°)

E (MPa)

v

Hardening law (kPa) (x ¼ ein
v)

27.095

41.117

80

0.35

p = 783, 694x2 + 4, 302.8x + 47.381
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pﬃﬃﬃﬃﬃﬃ
(d, b, R) deﬁned in the
J2D  p plane. Thus, for the numerical
analysis using the MDPC model, some parameters were converted
pﬃﬃﬃ
to those in the q-p space; bothpdﬃﬃﬃ and tan b were multiplied
pﬃﬃﬃﬃﬃﬃ by 3
while R was multiplied by 1= 3. a is the same for J2D  p and
q  p planes.
4. Result and discussion
4.1. Determined parameter sets
The ﬁtting process was carried out from the viewpoint of minimizing the deviation of the simulated curve from the experimental curve within the available range of the axial strain. Through the
process described later in Section 4.2, a set of R and a values (0.7
and 0.01, respectively) was determined for the uniformly deforming specimen model and named parameter set A (Table 2). Fig. 3
shows the simulation result for the uniformly deforming specimen
model when parameter set A was used. This parameter set (A) reasonably ﬁts the maximum deviator stress at varying conﬁnement
pressures for the uniformly deforming specimen model. The
deformed shapes of the specimen were right circular cylinders
and the stress state within the specimen was uniform (not shown).
Using the process described later in Section 4.2, we also determined a set of R and a values (0.7 and 0.03, respectively) for the
non-uniformly deforming (barreling) specimen model and named
parameter set B (Table 2). As seen in Fig. 4, this parameter set (B)
also ﬁts the triaxial deviator stress curves acceptably for the nonuniformly deforming specimen model at varying conﬁnement
pressures.
The deformed shape of the specimen predicted by the parameter set B for the non-uniformly deforming specimen model is
shown in Fig. 5 when the axial strain is 9% and the conﬁnement
pressure is 103 kPa (the positions marked as 1, 2, and 3 are
explained later in Fig. 9). In Fig. 5, both the axial and radial stresses
are non uniform within the specimen which explains the non-uniformly deformed (barreled) shape.
4.2. Effects of R and a on the deviator stress curve
This subsection presents the result of the parametric study for R
and a. As seen in Fig. 6(a) for the uniformly deforming specimen
model, the decrease of R from 0.7 to 0.55 shifted the simulated
curves mainly to the left side (or right side for an increased R) in
the axial strain axis. The change in R did not result in a change in
the ultimate deviator stress level when the axial stress was sufﬁciently large: the value of R inﬂuenced only the rising part of the
deviator stress curve. The increase of a from 0 to 0.1 shifted the
simulated curves (ultimate q value when the axial strain is sufﬁciently large) mainly downward (or upward for a decreased a).
For the non-uniformly deforming specimen model (Fig. 6(b)), the
inﬂuences of R and a were similar to those in the uniformly
deforming specimen model while the inﬂuence of a at a given conﬁnement pressure was diminished in the non-uniformly deforming
model.
The ﬁndings of the shift directions of the simulated curves
depending on R at a given a (or depending on a at a given R)
reduced the number of trials greatly. Once these shift directions
Table 2
Determined sets of the cap parameters (R and a).
Notation of the
parameter set

R

a

Used specimen model to determine the
parameter set

A
B

0.7
0.7

0.01
0.03

Uniformly deforming specimen model
Non-uniformly deforming specimen
model

Fig. 3. Simulated curves (solid) for the uniformly deforming specimen model using
parameter set A (R = 0.7, a = 0.01) and experimental curves (dashed [51]).

Fig. 4. Simulated curves (solid) for the non-uniformly deforming specimen model
using parameter set B (R = 0.7, a = 0.03) and experimental curves (dashed [51]).

are noted, the best value of each parameter can be found with only
at a few trials for the barreling or non barreling specimen model.
The parameters sets A and B have the same value of R (Table 2),
which means that the consideration of the specimen barreling did
not result in the change in R in the simulation cases. This ﬁnding
results from the fact that the specimen barreling is not signiﬁcant
in the early period of the shear loading stage (in the rising part of
the deviator stress curve). However, the barreling of the specimen
resulted in a different value of a from that of the uniformly
deforming specimen (Table 2).
In the experimental deviator stress curves (Fig. 4), the peak
stress appears at an axial strain (ea) value of approximately
0.050–0.075 depending on the conﬁnement pressures. As seen in
Fig. 6(a), when the uniformly deforming model is used, the MDPC
model is incapable of predicting the peak stress in the loading
curve. When the non-uniformly deforming model is used
(Fig. 6(b)), the peak stress is predicted only when the axial strain
is fairly large (at a ea value of approximately 0.15) and the conﬁnement pressure is high (310 kPa); this phenomenon results from the
specimen barreling. Although the experimental peak stress at a
small ea of approximately 0.050–0.075 may partly be due to the
specimen barreling, it is most likely mainly the result of the nature
of the specimen (e.g., over-consolidated specimen [44,49,69])
because the phenomenon of barreling is not signiﬁcant at such a
small strain. In order to predict the peak stress at small axial
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Fig. 5. (a) Axial and (b) radial stress contours of the deformed specimen when the axial strain is 0.09 and the conﬁnement pressure is 103 kPa. Parameter set B (R = 0.7,
a = 0.03) was used.

strains (the nature of the specimen) where the inﬂuence of the barreling is insigniﬁcant, a more sophisticated constitutive model
with more parameters, such as the single hardening constitutive
model [44,62–64], may be needed.

P
Dm ¼

jqsim  qexp j
¼
n

Comparing Fig. 3 (parameter set A) with Fig. 4 (parameter set B),
it appears that parameter set A similarly predicts the experimental
curves to the set B. However, note that the simulated curves in
Fig. 3 were for the uniformly deforming model. If a given parameter set is a true material property, it should reasonably describe
any loading event if the event belongs to the target area for which
the model was developed. It is assumed that the determination
process of the two parameter sets is unknown (i.e., they were simply received from elsewhere). The capability of the parameter sets
(A and B) can be tested if triaxial testing is simulated and compared
with the experimental result. Because the barreling occurred during the experiment [51] that is considered in this study, it is natural to use a specimen model that considers barreling. Therefore, we
applied parameter set A to the non-uniformly deforming (barreling) model and show the resultant simulation curves in Fig. 7
(the case when parameter set B is applied to the non-uniformly
deforming model is already shown in Fig. 4). The use of parameter
set A in the non-uniformly deforming model also resulted in barreling (not shown) that was very similar to the deformed shape
shown in Fig. 5.
For the comparison of the prediction capabilities of parameter
sets A and B in the non-uniformly deforming specimen model
(Figs. 7 and 4, respectively), the mean absolute deviation (Dm)
and ﬁtting errors [65] were quantiﬁed by the relations,

0

jqsim  qexp jde

em

ð8Þ

and

R em
4.3. Importance of considering the specimen barreling

R em

Errorð%Þ ¼

0

jqsim  qexp jde
 100
R em
qexp de
0

ð9Þ

where n is the number of data points, qexp and qsim are experimental
and simulated deviator stresses, respectively, e is the axial strain,
and em is the maximum axial strain of the experiment. The calculated results are summarized in Table 3 for parameter sets A and B.
From Table 3, parameter set B is a better choice as it shows an
improved result. Thus, it is desirable to include the barreling specimen model in the simulation-based determination process of the
cap parameters, in addition to the conventionally investigated
specimen model of the uniform deformation. Since there are versatile types and properties of particulate materials (e.g., ceramic,
metal, pharmaceutical powders, and soils), the prediction capabilities of the two types of the parameter sets should be examined
before applying the parameter set to versatile particulate materials. This suggestion may be applied to cases where other types of
the cap models, such as the geologic cap model [66,67] and the
continuous surface cap model [66,68], are used to determine the
cap parameters.
This study ﬁtted the experimental curves with the non-zero
value of a purely from the viewpoint of minimizing the deviation
of the simulated curve from the experiment in order to investigate
the necessity of considering the non-uniformly deforming specimen model. From the notion that a was introduced to the MDPC
model to ensure the stability in the numerical implementation of
the model (a is not a material constant), we separately determined
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the R value by setting the value of a as zero for the non-uniformly
deforming specimen model. The result is shown in Supplementary
Material (Fig. S1). The prediction in this way (Table S1; parameter
set C) is inferior to parameter set B shown in Table 3 (this result
arises from the limitation of the MDPC model, which cannot
describe the specimen-nature-induced peak stress in the deviator
stress curve). In the experimental determination, however, R needs
to be determined by setting a as zero because a is not a material
property. The user of the model may set a non-zero value of a from
the viewpoint of apparently ﬁtting an engineering event. If the
engineering event of interest is simulated successfully with only
an overly large a, it results from the numerical ﬁction of the model
(the limitation of the model) because a is not a material constant.
4.4. Stress path of the barreling specimen

Fig. 6. Simulation results for the (a) uniformly and (b) non-uniformly deforming
specimen models. The black curves are for the (R, a) set of (0.7, 0). The blue curves
are when R decreases from 0.7 to 0.55 and the red curves are when a increases from
0 to 0.1. (For interpretation of the references to colour in this ﬁgure legend, the
reader is referred to the web version of this article.)

In this subsection, we compare the stress path of the barreling
specimen with the p
uniformly
deforming (non-barreling) specimen.
ﬃﬃﬃﬃﬃﬃ
For this purpose,
J 2D and p were calculated by averaging the
stresses (ra and rr) of all of the specimen elements. Parameter
set B was used for the uniformly and non-uniformly deforming
specimen models,
pﬃﬃﬃﬃﬃﬃ respectively. Fig. 8 shows the simulated stress
path in the J 2D  p plane. In the hydrostatic loading stage, the
uniformly
deforming specimen follows the abscissa (the horizontal
pﬃﬃﬃﬃﬃﬃ
line at J 2D ¼ 0) regardless of the conﬁnement pressure; a pure
hydrostatic pressure is applied to the specimen. During
pﬃﬃﬃ the deviatoric loading stage, the slope of the stress path is 3 for the uniformly deforming specimen regardless of the conﬁnement
pressures, which is consistent with the theoretical slope of the
stress path in the conventional triaxial test [69].
Pure hydrostatic loading is not achieved in the non-uniformly
deforming specimen. As seen in Fig. 8, the loading path shifts from
the abscissa during the hydrostatic loading stage and thus a deviatoric stress component is included. Subsequently, the applied
hydrostatic pressure (i.e., 103, 172, and 310 kPa) is not delivered
properly to the specimen so a lower magnitude of pressure (96.9,
161.7, and 292.3 kPa, respectively) is applied to the specimen at
the end of the hydrostatic loading stage. The higher the conﬁnement pressure, the higher the deviation from the pure hydrostatic
loading. This ﬁnding indicates that a correction is needed when
experimentally constructing the p  ein
v relation using the conventional triaxial test especially in a high pressure regime. The p
slope
ﬃﬃﬃ of
the stress path in the shear loading stage is smaller than 3, and
the stress path changes its slope when the stress state is near the
failure surface. Such deviations from the load path of the uniformly
deforming specimen result from the end constraint of the

Fig. 7. Simulated curves (solid) for the non-uniformly deforming specimen model
using parameter set A (R = 0.7, a = 0.01) and experimental curves (dashed [51]).

Table 3
Mean absolute deviation and ﬁtting errors of the simulated curves for parameter sets
A and B in the non-uniformly deforming specimen model.
Quantiﬁcation tool

Curve at 103 kPa
Curve at 172 kPa
Curve at 310 kPa

Mean absolute deviation (kPa)

Fitting error (%)

Set A

Set B

Set A

Set B

52.65
12.59
19.81

40.56
4.37
5.24

15.85
2.30
2.29

12.21
0.80
0.61

pﬃﬃﬃﬃﬃﬃ
Fig. 8. Stress paths in J 2D  p plane for the uniformly deforming (blue) and the
non-uniformly deforming specimens (red). (For interpretation of the references to
colour in this ﬁgure legend, the reader is referred to the web version of this article.)
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Fig. 9. Stress paths of the three selected elements (positions) marked in Fig. 5. The
conﬁnement pressure was 172 kPa. The color of the position number is matched to
that of the curve.

37

prediction was inferior to parameter set B. Considering versatile
types and properties of particulate materials (e.g., ceramic, metal,
pharmaceutical powders and soils), we suggest to include the barreling specimen model in the simulation-based determination process of the cap parameters, in addition to the conventionally
investigated specimen model of the uniform deformation, and verify the capabilities of the parameter sets determined from each
model. For the barreling specimen, pure hydrostatic loading was
not achieved even during the hydrostatic loading stage, and thus
a correction is needed when experimentally constructing the
p  ein
v relation using the conventional triaxial test especially in a
high pressure regime. The stress path of the barreling specimen
was fairly complex depending on the position in the specimen even
during the hydrostatic loading stage. In the shear loading stage, the
position-averaged stress path showed a lower slope in the meridional planepthan
that of the uniformly deforming specimen with
ﬃﬃﬃ
a slope of 3.
Acknowledgments

specimen which is applied to the top and bottom support; the end
restraint limits the radial contraction of such portions in the
specimen.
Because the stress path of the non-uniformly deforming specimen was constructed in Fig. 8 using the average stresses (ra and
rr) of all the elements in the specimen (the stress state of the uniformly deforming specimen is the same regardless of the element
position), we selected three elements located at different positions
(marked in Fig. 5), and illustrate the stress path of the selected
locations in Fig. 9.
As seen in Fig. 9, the stress path of the non-uniformly deforming
specimen is fairly complex depending on the specimen position.
Position number 1 (the center of the specimen) deviates only
slightly from the stress path of the uniformly deforming specimen.
At the end of the deviatoric loading stage, the load path approaches
the failure surface asymptotically but never reaches the failure surface up to the at the axial strain of 0.304. Position number 2 (barreled portion of the specimen) follows a similar load path to
position number 1. However, when the stress state is near the failure surface, the load path reverses its direction and retraces the
loading path toward the initial state of the shear loading stage.
Position number 3 (the center of the top and bottom planes in
the specimen) shows the most signiﬁcant deviation from the load
path of the uniformly deforming specimen. The load path deviates
signiﬁcantly even during the hydrostatic loading stage and ﬁnally
reaches the failure surface.
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Supplementary Material

A simulation-based determination of cap parameters of the modified Drucker-Prager
cap model by considering specimen barreling during conventional triaxial testing
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Fig. S1.

Simulated curves (solid) for the non-uniformly deforming specimen model using the

parameter set of R=0.92 and α=0 (named parameter set C in this Supplementary Material) and
experimental curves (dashed [51]).

Table S1. Mean absolute deviation and fitting errors of the simulated curves for parameter set C
(R=0.92, α=0) in the non-uniformly deforming specimen model.

Quantification
tool
Curve at 103 kPa
Curve at 172 kPa
Curve at 310 kPa

Mean absolute deviation (kPa)

Fitting error (%)

41.66
7.08
22.95

12.54
1.30
2.65

