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The correction functions that can be used to determine the stress state of a flattened disk specimen in diametral testing are provided
by referring to the analytical solutions for arc- and point-loaded circular specimens. The stress components at three important
locations in the flattened specimen (with varying degrees of truncation, w) were obtained numerically by finite element analysis, and
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in diametral testing.
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1. Introduction
The diametral test, which is called by many names, such as
Brazilian test, indirect tensile test, and splitting test, was originally
developed to determine the tensile strength of concretes1,2 in the early
1950s using a 2D analytical solution (Hertz solution3,4). Over the last
few decades, it was increasingly used to measure the strength of
various materials, including ceramics, rocks, alloys, cements, glasses,
coals, polymers, pharmaceuticals, powder compacts, and asphalts.5-7
For specimens homogeneous in macroscopic scale (e.g., concretes),
a 3D cylinder specimen with a notable thickness needs to be tested; a
3D solution is needed to accurately determine the tensile strength of
those specimens. Brittle specimens8-12 made of ceramics and glasses
(also some rocks) are homogeneous in microscopic scale. In such cases,
the disk-type specimen with the thickness to diameter ratio of less than
approximately 0.2 can be used by referring to the 2D Hertz solution.
In the diametral test, a circular cylindrical disk specimen is
subjected to a compressive load through two diametrally opposite rigid
platens. Thus far, two types of loading platens were used for loading
the diametral specimen: a flat platen (Fig. 1) and a platen with a
concave circular shape (Fig. 2). The specimen loaded by the flat platen
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(Fig. 1(a)) is usually analyzed by the Hertz solution which considers a
point loading (Fig. 1(b)). As we describe in the next section, along the
loading axis (y-axis), σx is positive (tensile) and does not vary with
position (Hertz solution3,4). The tensile strength of the diametral
specimen is determined under the assumption that the Hertz solution is
valid: the point-loaded specimen fails by the developed tensile stress
(σx) along the loading axis.
In the conventional diametral test with such point loading, there is
also a compressive stress (σy) that varies from three times the
magnitude of the tensile stress (σx) at y=0 to infinity at y=R. Because
of the excessively high magnitude of the compressive stress (σy), the
failure of the specimen may be initiated by the compressive stress at the
point-loading region rather than by the tensile stress in the loading axis.
Then, the load is distributed over a finite area due to the failure of the
loading region; the required assumption for the Hertz solution (point
loading) is violated and thus the reliability of the measured tensile
strength is lowered.
The specimen loaded by the platen with a concave circular shape
(Fig 2(a)) may be analyzed suitably by the Hondros solution13 (Fig.
2(b)). Although the platen delivers the load over a finite arc area of the
specimen, the specimen is loaded in the vertical (y) direction (Fig.
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Fig. 1 (a) Circular specimen loaded by a flat platen and (b) the
geometry considered in the Hertz solution. P is the applied load

Fig. 2 (a) Circular specimen loaded by a concave-shaped circular
platen and (b) the geometry considered in the Hondros solution. P is
the applied load

2(a)). The Hondros solution, however, considers loading toward the
center of the specimen (Fig. 2(b)). When the arc length is small (the B/
D value of less than approximately 0.05), the Hondros solution may be
a reasonable approximation to the real case of vertical loading because
the load delivered through the concave-shaped platen over a small arc
length is aligned practically in the vertical direction. When the arc
length is small, however, as will be seen later, the development of the
excessively high magnitude of the compressive stress (σy) in the
loading region is inevitable like the case of the point loading that uses
a flat platen.
As mentioned, pre-failure of the specimen may initiate in the
loading region by the development of the excessively high magnitude
of the compressive stress (σy). Such pre-failure alters the stress state in
the diametral specimen, resulting in an unreliable test result. Compared
with the static diametral test, the necessity of avoiding the stressconcentration-induced pre-failure is much higher in a dynamic
diametral test, which is usually carried out using the split Hopkinson
bar (SHB). In the SHB test of the diametral specimen,14-27 a disk
specimen is point- or arc-loaded by the end surfaces of two long bars
(the input bar and output bar). The stress wave enters and transmits the
specimen through the two loading regions. If the stress-concentrationinduced pre-failure occurs in the loading regions, the entrance and
transmittance of the stress wave through the contact regions are
perturbed. Then, the signals of the stress wave representing the
dynamic tensile strength of the specimen is distorted, resulting in an
unreliable test result. Therefore, the phenomenon of stress wave
distortion due to the pre-failure highly necessitates a way to avoid the
stress-concentration in the loading region of the SHB.

Fig. 3 (a) Flattened specimen loaded by a flat platen and (b) the
geometry corresponding to the Hondros solution. P is the applied load

From the perspective of avoiding such a stress-concentration-induced
pre-failure in the loading region, this study focuses on a flattened disk
specimen,25-29 as illustrated in Fig. 3. As will be seen later in this study,
use of the flattened specimen greatly reduces the concentration of the
compressive stress (σy) in the loading region. Another important aspect
of using the flattened specimen is that vertical loading to the flattened
specimen is achieved very suitably in the experiment using a flat platen
(Fig. 3(a)). However, there is no available analytical solution to
determine the stress state of a flattened specimen, which is the reason
here we aimed to obtain a way to determine the stress state in the
flattened specimen with references to the available analytical solutions
for a circular specimen. Once the way to describe the stress state of the
flattened disk specimen is available, the flattened disk specimen will be
useful for determining the tensile strength of brittle materials that are
homogeneous in microscopic scale. The flattened disk specimen will be
useful not only in the static test but also, as mentioned, in the dynamic
tensile test using the SHB instrument.
Once we obtain the stress state of the flattened disk specimen
numerically, the ratio of the numerical solution to a given analytical
solution can be obtained. Here we report the correction functions with
references to the analytical solutions for the arc-loaded circular disk
specimen (Hondros solution) and the point-loaded circular disk
specimen (Hertz solution).

2. Analytical Solutions and the Correction Functions
2.1 Hertz solution
In order to determine the tensile strength of the disk specimen
loaded by the flat platen (Fig. 1(a)), as mentioned, the Hertz solution
is usually used. The Hertz solution (under a 2D plane stress condition)4
was summarized by Frocht3 as follows. On the x-axis (Fig. 1(b)), the
Hertz solution is
2 2

2

2P D – 4x
σ x = --------- -----------------π tD D2 + 4x2

(1)

2

2P
4D
σ y = –--------- -------------------------2- – 1
π tD ( D2 + 4x2 )

(2)

τxy = 0

(3)

where D and t are the diameter and thickness of the specimen,
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respectively, and P is the applied load. On the y-axis,
point

σ x = σ x, center = 2P/π tD

(4)

2P 2D
2D
σ y = – --------- -------------- + --------------- – 1
π tD D – 2y D + 2y

(5)

τxy = 0

(6)

At the center (x = y = 0) of the point-loaded specimen, σx is given
by Eq. (4) and σy is
point

σ y, center = –6P/π tD

(7)

Thus, along the loading axis (y-axis), σx is positive (tensile) and
does not vary with position (Eq. (4)). According to Eq. (7), at the center
of the specimen, σy is compressive and is three times the magnitude of
σx at the center (Eq. (4)). The magnitude of σy increases along the
loading axis to infinity at the end of the specimen (y = D/2; See Eq.
(5)). If a brittle specimen, which is usually weak in tension, fails solely
by tension developed in the loading axis, Eq. (4) (and Eq. (1) at x=0)
can be used to determine the tensile strength of the specimen (σf):
point

σf

= 2Pf /π tD

(8)

where Pf is the load at the failure of the specimen.

2.2 Hondros solution
In 1959, Hondros13 developed 2D analytical solutions for the case
when the load is applied over the two diametrically opposite arcs of
angular width 2α (Fig. 2(b)). His solutions are as follows. Along the xaxis,
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Eqs. (4) and (7), respectively, which are the Hertz solutions at the
center of the point-loaded specimen. If the arc-loaded specimen fails
solely by tension developed in the loading axis, Eq. (15) can be used
arc
to determine the tensile strength of the arc-loaded specimen ( σ f ):
2Pf
arc
σ f = ------------[ sin 2α – α ]
π tDα

(17)

2.3 Correction functions
For the flattened specimen (Fig. 3), note that the normalized
flattened length with respect to the diameter, B/D, is related to α:
B/D = sin α

(18)

Eq. (18) means that, for a given B/D value of the flattened specimen,
there is a correspondent α value of the arc-loaded specimen. (In this
study, the term B/D is preferentially used instead of α as this study
focuses on the flattened specimen.) Because of the correlation between
B/D and α, it is worthwhile to investigate how much difference exists
between the stress state of the flattened specimen with a given B/D and
that of the arc-loaded specimen with the corresponding α value.
Since, as mentioned, there is no analytical solution for the normally
loaded flattened specimen, this study first numerically determines the
stress state of the flattened specimen based on finite element analysis.
Then, for a given stress component (σx or σy), the stress ratio of the
flattened specimen to the arc-loaded specimen, that is the correction
function, is obtained. The stress ratio of the flattened specimen to the
point-loaded specimen is also obtained. The correction functions (named
E and e) for σx at the center of the flattened specimen are

–1

2 2
⎛ 1 – x2 /R2
⎞
2P
( 1 – x /R ) sin 2α
- tan α⎟
σx = ------------- ------------------------------------------------------------–
tan
⎜ ------------------2 2
π tDα 1 + 2 ( x2 /R2 ) cos 2α + x4 /R4
⎝ 1 + x /R
⎠

τxy = 0

–1

(12)

–1

τxy = 0

(13)
(14)

At the center of the arc-loaded specimen (x = y = 0), σx (Eqs. (9)
and (12)) becomes
2P
arc
σ x, center = ------------- [ sin 2α – α ]
π tDα

(15)

and σy (Eqs. (10) and (13)) becomes
2P
arc
σ y, center = –------------- [ sin 2α + α ]
π tDα

flattened

point

(20)

flattened

where R = D/2. Along the y-axis,

2 2
⎛ 1 – y2 /R2
⎞
2P
( 1 – y /R ) sin 2α
- tan α⎟
σy = –------------- ------------------------------------------------------------+ tan ⎜ ------------------2 2
π tDα 1 + 2 (y2 /R2 ) cos 2α + y4 /R4
⎝ 1 + y /R
⎠

(19)

(10)
(11)

2 2
⎛ 1 – y2 /R2
⎞
2P
( 1 – y /R ) sin 2α
- tan α⎟
σx = ------------- ------------------------------------------------------------– tan ⎜ ------------------2
2
4
4
2 2
π tDα 1 + 2 ( y /R ) cos 2α + y /R
⎝ 1 + y /R
⎠

arc

e ( B/D ) ≡ σ x, center /σx, center

–1

2 2
⎛ 1 – x2 /R2
⎞
2P
( 1 – x /R ) sin 2α
- tan α⎟
σy = –------------- ------------------------------------------------------------+
tan
⎜ ------------------2 2
π tDα 1 + 2 (x2 /R2 ) cos 2α + x4 /R4
⎝ 1 + x /R
⎠

flattened

E ( B/D ) ≡ σ x, center /σx, center

(9)

(16)

When α is small, sin2α ≒ 2α, and thus Eqs. (15) and (16) become

where σ x, center is the numerical solution for a given B/D value at the
arc
center of the flattened specimen, σx, center is the Hondros solution (Eq.
(15)) for the arc-loaded specimen with an α value corresponding to the
point
B/D value of the flattened specimen, and σx, center is the Hertz solution
(Eq. (4)) for the point-loaded specimen without regard to the B/D value
of the flattened specimen. In Eqs. (19) and (20), the same load P is
considered for both the numerator and denominator in each equation.
This study also provides the correction functions for σy at the center
of the flattened specimen:
flattened

arc

(21)

flattened

point

(22)

F ( B/D ) ≡ σ y, center /σy, center
f ( B/D ) ≡ σ y, center /σy, center

where the meanings of the terms for σy are the same as those for σx in
Eqs. (19) and (20).
In order to obtain stress information at the end (loading portion) of
the flattened specimen, the correction functions for σx and σy are
defined as
flattened

G ( B/D ) ≡ σ x, end

arc

/σx, center

(23)
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Fig. 4 Finite element model when B/D = 0.1. (a) The model with the
axes and (b) a different view of the model showing the top-flattened
area

flattened

point

(24)

flattened

/σy, center

arc

(25)

flattened

point

(26)

g ( B/D ) ≡ σ x, end

/σx, center

H ( B/D ) ≡ σ y, end
h ( B/D ) ≡ σ y, end
flattened

/σy, center

flattened

where σ x, end
and σ y, end
are the numerical solutions at the end
(loading portion) of the flattened specimen with a given B/D value and
the denominators in each equation are the analytical solutions defined
in Eqs. (19)-(22).
As we show later in section 4, the magnitude of σy in the loading
axis of the flattened specimen is not maximum at the end (loading
portion) of the specimen but the maximum magnitude appears at some
distance away from the end of the specimen in the loading axis. This
study provides the correction functions that are used to determine
flattened
flattened
stresses at such a location ( σ x, max and σ y, max ) with references to
the analytical solutions:
flattened

arc

(27)

flattened

point

(28)

flattened

arc

(29)

flattened

point

(30)

J ( B/D ) ≡ σ x, max /σx, center
j ( B/D ) ≡ σ x, max /σx, center
K ( B/D ) ≡ σ y, max /σy, center
k ( B/D ) ≡ σ y, max /σy, center

3. Numerical Analysis
The diameter of the considered specimen was 100 mm. In order to
ensure the plane stress condition, the thickness (t) of the specimen was
sufficiently thin (15 mm); the t/D ratio was 0.15. The considered B/D
ratios of the flattened specimen were 0.05, 0.1, 0.2, 0.3, 0.4, and 0.5,
which correspond to the α values (in radian) of 0.050, 0.100, 0.201,
0.305, 0.412, and 0.524. Considering the symmetry of the flattened
specimen in the diametral test, one quarter space of the specimen was
discretized using eight node linear brick elements as seen in Fig. 4. The
size of the meshes passed a separate mesh quality test. The nodes at zx and y-z planes were not allowed to move along the y and x directions,

Fig. 5 σx along the y-axis: (a) The numerical solutions for the flattened
specimen with varying B/D values and (b) the Hondros solutions for
the arc-loaded specimen with corresponding α values

respectively, to account for symmetry. A 40 kN load was applied on the
top flattened surface of the quarter model using an analytically rigid
surface. The elastic modulus and Poisson’s ratio of the specimen were
310 GPa and 0.31, respectively, which are comparable to the SiC
ceramic material. A commercial finite element package Abaqus was
used for the numerical analysis. After the numerical calculation by the
finite element method, the values of σx and σy were extracted along the
line paths of the x- and y-axes, from which the correction functions
were determined.

4. Results and Discussion
4.1 σx profiles
The profiles of the tensile stress (σx) in the flattened specimen (the
numerical solution) are shown in Fig. 5(a) along the loading axis (yaxis) for varying B/D values.1 The stress profiles (the Hondros solution)
in the arc-loaded specimen with α values corresponding to the B/D
value of the flattened specimen are shown in Fig. 5(b). Included in Fig.
5(b) is the Hertz solution for the point-loaded specimen. It is the same
as the Hondros solution when α = 0.
Along the y-axis for both specimens, (1) the tensile stress (σx) is
maximal at the center of the specimen. (2) The maximum tensile stress
at the center decreases as the B/D value increases. (3) As the position
moves toward the loading point (y/R=1), σx becomes compressive and
(4) this compressive stress appears earlier as the B/D value increases.
On a quantitative basis, the maximum tensile stress at the center of the
flattened specimen for a given B/D value is slightly lower than that of
the corresponding arc-loaded specimen.
The profiles of the tensile stress (σx) in the flattened specimen are
now shown along the x-axis in Fig. 6(a) for varying B/D values. The
Hondros solutions for the arc-loaded specimen are shown in Fig. 6(b).
The profiles of the tensile stress (σx) along the x-axis are also
qualitatively similar for both specimens; it is maximal at the center of
the specimen and the maximum magnitude decreases with the B/D
value.
4.2 σy profiles
The profiles of σy in the flattened specimen are shown in Fig. 7(a)
along the loading axis (y-axis) for varying B/D values. The Hondros

1. After the numerical solution was obtained from the quarter space of the specimen in the ranges of 0 ≤ x ≤ R and 0 ≤ y ≤ R, the numerical results in
the ranges of -R ≤ x ≤ 0 and -R ≤ y ≤ 0 were constructed considering the symmetry of the specimen throughout this study.
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Fig. 6 σx along the x-axis: (a) The numerical solutions for the flattened
specimen with varying B/D values and (b) the Hondros solutions for
the arc-loaded specimen with corresponding α values

solutions for the arc-loaded specimen are shown in Fig. 7(b). Along the
y-axis, for both specimens, as the B/D value increases, the magnitude
of the compressive stress (σy) at the loading portion of the specimen
decreases significantly. This is certainly a benefit of the arc-loaded and
the flattened specimens in that the failure of the specimens at the
loading portion by the excessively developed compressive stress can be
avoided if an appropriate B/D value is selected. The selection of an
overly high value of the B/D value sacrifices the development of the
important tensile stress (σx) at the center of the specimen (see Figs. 5
and 6), which causes the tensile fracture of the specimen; thus, an
appropriate B/D value needs to be selected with this point in mind.
As seen in Fig. 7(a), in the loading axis of the flattened specimen,
the magnitude of σy is not maximum at the end (loading portion) of the
specimen but the maximum magnitude appears at some distance away
from the end (loading portion) of the specimen. This interesting
phenomenon is similar to the phenomenon that appears when a material
is indented by an indenter:30,31 the maximum pressure does not appear
at the interface between the indenter and specimen but it develops at
some distance beneath the indenter/specimen interface.
The profiles of σy in the flattened specimen are now shown along
the x-axis in Fig. 8(a) for varying B/D values. The Hondros solutions
for the arc-loaded specimen are shown in Fig. 8(b) along the same xaxis. The profiles of the compressive stress (σy) are also qualitatively
similar for both specimens. The compressive stress along the x-axis is
also maximal at the center of the specimen like σx (See Fig. 6), and the
maximum magnitude decreases with B/D.

4.3 Correction functions at the center
Assuming that the failure of the specimen takes place at the center
of the specimen solely by the developed tensile stress, if the correction
flattened
point
functions E(B/D) (the ratio of σx, center / σx, center ) and e(B/D) (the ratio
flattened
point
of σx, center / σx, center ) are known, the fracture strength of the flattened
flattened
specimen ( σf
) with an arbitrary B/D value can be determined with
references to the analytical solutions. To obtain correction functions
flattened
E(B/D) and e(B/D), σx, center were taken from Fig. 5(a) (or Fig. 6(a))
arc
for varying B/D values and σx, center was taken from Fig. 5(b) (or Fig.
6(b)) for varying a values corresponding to the B/D values of the
flattened specimen. The constructed values of E(B/D) and e(B/D) are
shown in Fig. 9(a).2 The solid curves in Fig. 9(a) result from polynomial
fitting of the data points using
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Fig. 7 σy along the y-axis: (a) The numerical solutions for the flattened
specimen with varying B/D values and (b) the Hondros solutions for
the arc-loaded specimen with corresponding α values

Fig. 8 σy along the x-axis: (a) The numerical solutions for the flattened
specimen with varying B/D values and (b) the Hondros solutions for
the arc-loaded specimen with corresponding α values

2

L ( w) = A0 + A1 w + A2 w + A3 w

3

(31)

where L is the fitting function (for the correction functions E, e, F, and
f), w is B/D, and A0, A1, A2, and A3 are the fitting parameters shown in
Table 1.
As seen in Fig. 9, the correction functions decrease gradually up to
the B/D value of 0.3 while they decrease rather abruptly thereafter.
Therefore, to provide accurate fitting parameters, we fitted the data
points separately for the w (=B/D) range of 0 ≤ w ≤ 0.3 and 0.3 ≤ w
≤ 0.5, as seen in Table 1. In separate trials (not shown), data fitting over
the whole available B/D range was not as successful as predicting the
data points in two separate B/D ranges.
Using correction functions E(B/D) and e(B/D), the fracture strength
flattened
of the flattened specimen ( σf
) with an arbitrary B/D value can be
determined:
σf

2Pf
arc
= E (B/D )σf = E ( B/D ) ------------[ sin 2α – α ]
π tDα

flattened

σf

flattened

= e ( B/D )σf

point

2P
= e (B/D ) --------fπ tD

(32)

(33)

where Pf is the load at the moment of the fracture of the flattened
arc
specimen; Eq. (17) was plugged into Eq. (32) for σf and Eq. (8) was
point
plugged into Eq. (33) for σf .
flattened
arc
flattened
point
The ratios of σy, center / σy, center (for F(B/D)) and σy, center / σy, center
(for f(B/D)) were obtained using the data shown in Fig. 7 (or Fig. 8).
The determined values of F(B/D) and f(B/D) are shown in Fig. 9(b).

2. The theoretical value (unity) of the correction functions at B/D=0 were added in this study because the validity of the finite element solution for
this case compared with the analytical solutions is well documented.28,29
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Table 1 Parameters for the fitting function L (Eq. (31))
Correction functions
E
e
F
f

Range of w (=B/D)
0 ≤ w ≤ 0.3
0.3 ≤ w ≤ 0.5
0 ≤ w ≤ 0.3
0.3 ≤ w ≤ 0.5
0 ≤ w ≤ 0.3
0.3 ≤ w ≤ 0.5
0 ≤ w ≤ 0.3
0.3 ≤ w ≤ 0.5

A0
1
1.51085
1
1.52260
1
1.25497
1
1.24781

A1
-0.12926
-2.49594
-0.12472
-2.74419
-0.04529
-1.27649
-0.04487
-1.25554

A2
0.26056
1.85980
-1.15916
1.30194
0.10978
1.13514
-0.34223
0.70642

A3
-2.04707
0
-1.54791
0
0.06694
0
-0.77891
0

R2
1.00000
NA
1.00000
NA
1.00000
NA
1.00000
NA

Fig. 9 Correction functions to determine (a) σx and (b) σy at the center
of the flattened specimen

Fig. 10 Correction functions to determine (a) σx and (b) σy at the end
(loading portion) of the flattened specimen

The solid curves in Fig. 9(b) result from polynomial fitting of the F(B/
D) and f(B/D) values using Eq. (31) and the fitting constants are shown
in Table 1. At a given load P, the functions F(B/D) and f(B/D) allow
the determination of the compressive stress (σy) of the flattened
specimen with references to the Hondros solution and Hertz solution,
respectively:

At a given load P, the developed σx (compressive) at the loading
flattened
portion of the flattened specimen ( σx, end ) can be found using G(B/
D) and g(B/D):

2P
flattened
arc
σy, center = F ( B/D )σy, center = −F (B/D ) ------------- [ sin 2α + α ]
π tDα
flattened
σy, center =

point
f ( B/D )σy, center

6P
= −f ( B/D ) --------π tD

(37)

2P
point
= g ( B/D )σx, center = g ( B/D ) --------π tD

(38)

flattened

σx, end

(34)

(35)

The developed σy (compressive) at the loading portion of the
flattened
flattened specimen ( σy, end ) at a given load P can also be found using
H(B/D) and h(B/D):
flattened

4.4 Correction functions at the loading portion
In order to obtain the correction functions used to determine σx at
the end (loading portion) of the flattened specimen, the ratios of
flattened
arc
flattened
point
σx, end / σx, center (for G(B/D)) and σx, end / σx, center (for g(B/D))
were obtained from the data shown in Fig. 5. For the correction
functions H(B/D) and h(B/D), which are used to determine σy, the
flattened
arc
flattened
point
ratios of σy, end / σy, center (for H(B/D)) and σy, end / σy, center (for
h(B/D)) were obtained from the data shown in Fig. 7. The determined
values of the correction functions are shown in Fig. 10, where the
values of G(B/D) and g(B/D) are negative because positive σx at the
center of the specimen becomes negative at the end of the specimen
(See Fig. 5).
The solid curves in Fig. 10 result from fitting of the data points
using the linear combination of exponential functions:
M ( z ) = B0 + B1 exp ( –w/t1 ) + B2 exp ( –w/t2 )

2P
arc
= G ( B/D )σx, center = G ( B/D ) ------------- [ sin 2α – α ]
π tDα

flattened

σx, end

(36)

where M is the fitting function (for the correction functions G, g, H, h,
J, j, K and k), w is B/D, and B0, B1, B2, t1 and t2 are the fitting constants
shown in Table 2.

σy, end

2P
arc
= H ( B/D )σy, center = −H ( B/D ) ------------- [ sin 2α + α ]
π tDα

(39)

6P
point
= h ( B/D )σy, center = −h ( B/D ) --------π tD

(40)

flattened

σy, end

The correction functions in Fig. 10 assist the selection of the
appropriate value of B/D (the degree of truncation) of the flattened
specimen in order to avoid an excessively high development of
compressive stresses (σx and σy) at the loading portion.

4.5 Correction functions at a point of interest
As mentioned in Fig. 7(a), in the loading axis of the flattened
specimen, the magnitude of σy is maximum at some distance away
from the end (loading portion) of the specimen. When we utilize the
flattened specimen in the diametral test, the knowledge of the stress
flattened
flattened
components ( σx, max
and σy, max ) at such a location may be of
interest. Here we provide the correction functions that are used to
flattened
flattened
flattened
arc
determine σx, max and σy, max . The ratios of σx, max / σx, center (for
flattened
point
J(B/D)) and σx, max / σx, center (for j(B/D)) were obtained from the data
flattened
arc
shown in Fig. 6. The ratios of σy, max / σy, center (for K(B/D)) and
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Table 2 Parameters for the fitting function M (Eq. (36)) in the w (=B/D) range of 0.05 ≤ w ≤ 0.5
Correction functions
G
g
H
h
J
j
K
k

B0
-0.74795
-0.21303
0.76023
0.61878
10.17196
1.09908
0.85510
0.70270

B1
-11.9316
-41.37823
4.64947
17.41398
-15.30313
-14.33099
22.53439
21.81991

t1
0.15688
0.03678
0.13049
0.03258
0.06521
0.06080
0.02817
0.02999

B2
-41.23803
-12.01577
17.61796
4.27830
-12.53952
-4.67106
5.15135
4.68531

R2
0.99999
0.99998
1.00000
0.99999
0.99993
0.99998
1.00000
0.99999

t2
0.03627
0.16698
0.03093
0.14751
2.03073
0.29529
0.12475
0.14195

Table 3 Application of correction function e(B/D) to the test results of
Fahad28
Dimension
B/D
σf point (MPa)
e(B/D)
σf
Fig. 11 Correction functions to determine (a) σx and (b) σy at the point
with maximum magnitude of σy in the loading axis of the flattened
specimen

flattened

point

σy, max / σy, center (for k(B/D)) were obtained from the data shown in
Fig. 7. The determined values of the correction functions are shown in
Fig. 11. The solid curves in Fig. 11 result from fitting of the data points
using Eq. (36) and the fitting constants are shown in Table 2. At a given
flattened
load P, these correction functions allow the determination of σx, max
flattened
and σy, max :
2P
flattened
arc
σx, max = J ( B/D )σx, center = J ( B/D ) ------------- [ sin 2α – α ]
π tDα

(41)

2P
flattened
point
σx, max = j ( B/D )σx, center = j ( B/D ) --------π tD

(42)

2P
arc
= K ( B/D )σy, center = −K ( B/D ) ------------- [ sin 2α + α ]
π tDα

(43)

6P
point
= k ( B/D )σy, center = −k ( B/D ) --------π tD

(44)

flattened

σy, max

flattened

σy, max

4.6 Overall discussion
In diametral testing, it should not be overlooked that the determined
tensile strength receives a full credit only when the specimen is
sufficiently resistant to the compressive stress and fails solely because
the tensile stress reaches the maximally tolerable value in the axis of
loading (y-axis). However, even for brittle materials such as ceramics,
there is no guarantee that the specimen will fail when the tensile stress
reaches the maximally tolerable value. For instance, the strength values
obtained in diametral testing are generally much lower than the values
determined by flexural testing where a purely tensile stress is loaded at
the fracturing side of the flexural specimen. According to Wright,32
such a phenomenon is explained by assuming that the brittle specimen

flattened

(MPa)

D=40 mm, t=10 mm
0
0.2
0.3
3.38
4.76
6.16
1
3.38

0.91631 0.81647
4.362

5.029

D=50 mm, t=10 mm
0
0.2
3.47
4.14
1

0.91631

3.47

3.794

fails when the maximally tolerable strain is reached because, in the
diametral test, the center of the specimen is also subjected to a
compressive stress perpendicular to the tensile stress, and the strains
produced by the two stresses are in the same direction.
Therefore, even though the specimen avoids the fracture at the
loading area and the fracture takes place along the loading axis (y-axis)
by the tensile stress (σx), the fracture of the diametral test should not
be regarded as a phenomenon that takes place under a purely tensile
mode, because, as mentioned, the diametral specimen fails at the center
of the specimen under the presence of not only the tensile stress but
also the compressive stress. Only with knowledge of the magnitude of
the developed compressive stress as well as the tensile stress within the
flattened specimen can physical meanings be assigned to the result of
the diametral testing. In this regard, the correction functions provided
here may be useful for the analysis of the stress state of a flattened
specimen with an arbitrary degree of truncation. They are also the tools
for the design of the flattened specimen with an appropriate B/D value
from the viewpoint of avoiding an excessively high compressive stress
at the loading portion without much sacrifice of the tensile stress at the
center of the specimen.
As an example of utilizing the correction functions to obtain stress
information of the flattened specimen, the fracture strengths of the
flattened specimens reported in Fahad28 were corrected in this study
using correction function e(B/D). Table 3 shows the corrected tensile
point
strength of the flattened specimen. In this table, σf
is the measured
28
tensile strength of the flattened specimen by Fahad based on the Hertz
flattened
solution (Eq. (8)). σf
is the corrected tensile strength of the
flattened
flattened specimen using correction function e(B/D): σf
=e(B/
point
D) σf
. In Table 3, before the correction, the tensile strengths of the
point
flattened specimen based on the Hertz solution ( σf
) show a fairly
high degree of data scatter: 4.767±1.390 MPa and 3.805±0.474 MPa for
the specimens with D=40 mm and D=50 mm, respectively. However,
flattened
the corrected tensile strengths of the flattened specimens ( σf
)
show more uniform values: 4.257±0.829 MPa and 3.632±0.229 MPa.
This is because the measured tensile strength data of the flattened
point
specimen ( σf
) decreases by the correction function e(B/D) according
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to the degree of truncation of the specimen (the B/D value).

Ceramic Technology, Vol. 9, No. 4, pp. 808-815, 2012.
8. Kim, J.-D., Lee, S.-J., and Suh, J., “Microstructural Variations and

5. Conclusions
The stress components at three important locations of the flattened
specimen (with varying degrees of truncation, w) were obtained
numerically by finite element analysis. The obtained stresses (σx and
σy) at each location were compared with the analytical solutions
(Hondros solutions) at the center of the arc-loaded specimen with halfarc angle α corresponding to the w value of the flattened specimen.
They were also compared with the analytical solutions (Hertz
solutions) at the center of the point-loaded specimen without regard to
the w value of the flattened specimen. The correction functions were
provided as a function of w. The stress state of the flattened specimen
with an arbitrary degree of truncation can be analyzed using the
correction functions. The design of the flattened disk specimen with an
appropriate value of w (the degree of the truncation) is also possible
using the correction functions from the viewpoint of avoiding an
excessively high compressive stress at the loading portion without
much sacrifice of the tensile stress at the center of the specimen.
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