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Abstract 
 

Various designs of high speed EMU (electric multiple units) operating at maximum speed of 400 km/h or above are under active de-

velopment in many countries. Driving at such extreme high speed, the EMUs that are equipped with multiple power units and non articu-

lated bogies normally experience severe level of vibration. Noting one of the primary design issues of the vertical EMU vibration, the 

present work tries an optimization of vehicle suspension system using ten degree of freedom analytical EMU model. The objective func-

tion for the work is consisted of the rail power spectral density (PSD), transfer function of car body, and frequency dependent weighting 

function which may represent human riding comfort. The transfer function is formulated using an autocorrelation of the model in fre-

quency domain. For the enhanced reliability of the optimization work, both the US FRA (Federal Railway Administration) rail PSD and 

the actual rail PSD acquired from Kyeong-bu high speed rail in Korea on which the particular EMU will be driven are used. The well 

proven BFGS (Broyden-Fletcher-Goldfarb-Shanno) method is adopted for the optimization. The optimized design is verified using a 

commercial dynamic system simulation code at various operating conditions.    
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1. Introduction 

Some of the high-speed trains which are under active devel-

opment in many countries operate at the maximum speed of 

400km/h or higher. Unlike the traditional high-speed train 

power car, the new version of vehicles developed in Korea is 

to be equipped with non-articulated bogies and distributed 

power plant. As a matter of fact, design engineers are inter-

ested in the study for the possibility of excessive vibrations 

caused by the distributed power generation systems, which are 

attached underneath the floor of each passenger car. Few of 

publications or previous research activities are available for 

this high-speed train designs and related design concerns. In 

addition, similar to other traditional high speed trains since rail 

irregularity and complicate contact situation between the rail 

and the wheel of a train are the major source of excitation, a 

comprehensive study on the overall vehicle dynamics should 

be carried for the reduction of the vibration of the distributed 

power system trains. Recognizing the vehicle dynamic charac-

teristics under the extreme operating condition such as speed 

of 400Km/h which might affect the stability of dynamics sys-

tem, the present paper tries to address technical and design 

issues of the optimization of carbody suspension system.  

Design of suspension related to the sensitivity analysis. But 

it is hard to provide optimum value and consider stability of 

system [1]. So vehicle suspension design optimization prob-

lems have been heavily investigated in automobile design and 

manufacturing industry as the dynamic stability margin and 

the comfort of rider are major interests. Minimization of verti-

cal acceleration of a car body is carried out by defining a ob-

jective function in time domain [2]. An objective function was 

formulated to minimize the vertical maximum acceleration of 

the car body in time domain by Haug [3, 5]. 

However, it is difficult to know much information of system 

in time domain. Therefore many researches were performed in 

frequency domain. Effects of vibration on ride comfort differs 

according to direction and frequency, based on information in 

UIC 513R and ISO 2631 [2, 4]. Analysis method in time and 

frequency domain was represented with various road about a 

car by Bruce [6]. Kim obtained a transfer function using a 

numerical method. And he optimized the vertical suspension 

of a car by using gradient optimal algorithm in the frequency 

domain [7]. Nishimura optimized the suspension of a high 

speed train for speeds below 300km/h in the frequency do-

main [8]. 

The optimization of the suspension is done in frequency 

domain as previous statement. But it is difficult to derive the 
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transfer function theoretically. So Myers applied the method 

of a response surface model (RSM) to problems of complex 

optimization [8]. Park tried to optimize the suspension of the 

Korean High Speed Train by using design of experiments and 

neural network to consider the various design variables of a 

railway vehicle [10]. But these methods need real plant. 

Therefore, the optimization of the suspension is carried out 

by decreasing the degrees of freedom of an equivalent model 

[6, 7]. Motion of a train was simulated with power spectral 

density (PSD) of rail irregularities by Hedrick [11]. Garge 

represented diverse methods of the modeling of a train 

[12].The effect of linear suspension to ride comfort of a train 

was tested using numerical simulation by Dukkipati [13]. 

Other existing research is one about active suspension 

which has been the main currents than that about passive sus-

pension. In reality, however, a high speed train has a passive 

suspension for safety in relation with the malfunction of an 

active suspension. Although the active suspension system for 

a vehicle is the main trend in current vibration isolation re-

search, the passive suspensions are still dominantly used for 

the high speed trains mainly due to the safety concerns. Hence 

a passive suspension system is to be considered in the present 

work. Noting the dominancy of vertical acceleration compo-

nent in the overall ride comfort and considering the informa-

tion given by the UIC 513R and ISO 2631 specifications, the 

present work focuses on the vertical vibrations for the formu-

lation of objective function. 

In the present work the optimum suspension design of a 

high speed train which operates at maximum speed of 400 

km/h is acquired through the minimization of vertical vibra-

tion. The speed is faster than one of existing research in Korea. 

In 400 km/h speed, optimization of suspension has not been 

performed in Korea. The objective function for the optimiza-

tion target consists of rail PSD, transfer function of the car 

body, and frequency weighting function which is defined by 

the definition of ride comfort. The optimal values of the pri-

mary and the secondary suspensions are derived and validated 

through a series of numerical simulations. 

 

2. Modeling of a vehicle 

2.1 Equation of motion  

In order to perform the EMU vehicle suspension optimiza-

tion, one car body has been modeled in this article. Since the 

power car of the Korean High Speed Train which is shown in 

Fig. 1 has a non-articulated bogie and power units, it can be 

considered to represent a multiple power unit type vehicle. 

Most of design parameter sets are based from the Korean High 

Speed Train system. A model of 10 DOF system is sketched 

in Fig. 2 and the corresponding equations of motion are pro-

vided Eq. (1) [8]. 

 

2.2 Transfer function 

Noting a typical process for suspension design optimization, 

a transfer function which describes a relationship between the 

excitation source and the acceleration of the car body is to be 

determined in this section. 

To determine the relationship between input and output, a 

transfer function was derived. The input is the contact interac-

tion between wheel and rail. The outputs are the vertical ac-

celerations of the middle and upper secondary suspensions at 

the car body in Fig. 3. If the vertical acceleration of the middle 

of the car body is considered only, the effects of the pitching 

of the car body could be dismissed. The vibration of the car 

body is measured at various points to assess ride comfort; 

three points were selected. To obtain the transfer function, the 

equation of motion of the vehicle model is represented as Eq. 

(1) as a matrix and vector. 

 

( ) ( ) ( ) ( )
ct

Mq t Cq t Kq t K d t+ + =ɺɺ ɺ            (1) 

 

Here, 

 
 

Fig. 1. Korean high-speed train (HSR–350x). 

 

 

 
 

Fig. 2. Schematic diagram of 10 DOF system. 

 

 

 
 

Fig. 3. Three points of car body. 
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The equation of motion in the time domain should be trans-

formed to one in the frequency domain to obtain the transfer 

function. The relationship between the response and the input 

in the frequency domain are needed to do this. 

The response is a Fourier frequency transformation of the 

impact unit function. The velocity and acceleration of the im-

pact unit function can be transformed using Fourier frequency 

transformation in Eqs. (2)-(4). The equation of motion in the 

frequency domain can be represented using this relationship 

and linearity. 
 

( 1) ( ) ( ) ( )k k k kH H D E+ = + +  (2) 

( ) ( )Y i Hω ω ω=ɺ  (3) 

2( ) ( )Y Hω ω ω= −ɺɺ  (4) 

 

Since there are time delays among inputs, the relation 

among inputs should be considered. There is time delay be-

tween, rail displacement of first wheelset, and, one of the sec-

ond wheelset. So the relationship between the rail displace-

ment of the first wheelset and the rail displacement of the 

others can be expressed in Eq. (5). 

 

1
( ) 2, 3, 4i

i

l
d t d t i

v

 
= − = 

 
          (5) 

To transfer these to PSD, autocorrelations were derived in 

Eq. (6). It was transformed to Eq. (6) by applying Fourier 

transformation to Eq. (7). Eq. (7) represents the relation 

among the rail displacements of the wheelsets. 
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Eq. (1) can be changed to Eq. (7) in the frequency domain 

using Eqs. (2)-(4). Then, the transfer function of the input and 

output can be obtained. Fig. 4 is the obtained transfer function. 
 

( )2( ) ( )H M i C K Dω ω ω ω− + + =           (8) 

 

2.3 Input PSD 

Rail irregularity is expressed as a probability function. Rail 

irregularity is offered as a power spectral density by the Fed-

eral Railway Administration in USA [13] Its data based on 

enormous test data. Actual rail that high speed EMU run in is 

the Kyeong-Bu high speed line. But this is not a representative 

data. Therefore, the rail irregularities of both FRA and 

Kyeong-Bu high speed line were considered as inputs of the 

vehicle system. 

Rail irregularity suggested by FRA is given by Eq. (9) and 

shown in Fig. 5 [13]. The irregularities of 300 km/h, 350 km/h 

and 400 km/h are represented in Fig. 5. When the vehicle 

speed increases, the shapes move right due to the increment of 

the spatial frequency caused by the increase of speed. 
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Date of Kyeong-Bu high speed line is value between Si-

Heung and Dae-Jeon. Fig. 6 represents the rail irregularity of 
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Fig. 4. Transfer function of car body. 
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the Kyeon-Bu high speed line in the vertical and the lateral 

direction. In the latter direction, the effect near 1 Hz is more 

effective than the one near 10 Hz. On the other hand, the ef-

fect near 10 Hz is dominant in the vertical irregularities. 

 

3. Optimization of suspension 

3.1 Objective function 

Ride comfort is evaluated with respect to the vertical, lateral 

and longitudinal accelerations of the car body and bogie. And 

weighting function is multiplied by the acceleration of each 

direction. The objective function consists of the frequency 

weighting function, transfer function and input PSD in Eq. 

(10). It is an objective function of the vertical acceleration at 

the middle point of the car body. Design variables are vertical 

parameters such as 1st and 2nd vertical spring coefficients and 

damping coefficients. It is difficult to determine the upper and 

lower limits of the design variables. And these limits are re-

lated to the stability of the system. These limits were set to the 

original value ± 10% of Korean High Speed EMU. 

 
2

1
1

( ) ( ) ( )
f

f
a K f Y f S f df= ∫ ɺɺ  (10) 

 

In the case of a symmetric model, this objective function 

cannot exactly represent the effects of the rotation of the car 

body, so the accelerations of the points upper two bogie were 

considered in Eq. (13). For this transfer function, points P1 and 

P3 should be known. Eq. (11) is the relationship among the 

displacements of the three points and the rotation of the mid-

dle points of the car body. 

 

2 1 1 1p
y y Lθ= +  (11) 

 

The transfer function of points P1 and P3 can be found us-

ing Eq. (12), a relation among transfer functions. The final 

transfer function is given by Eq. (13). Each weighting factor 

of the objective function is 1 since effects of vibration at the 

three points are same. 

 

1 1 1
1: , 2 :

Pi y
H H L H iθ= ± = − +  (12) 

2

1

3

1

( ) ( ) ( )
f

Pi
f

i

a K f Y f S f df
=

=∑∫ ɺɺ  (13) 

 

3.2 Optimization algorithm 

The optimization algorithm which minimizes the objective 

function is the BFGS method. Its efficiency was demonstrated 

by many researchers [15]. In this paper, the BFGS algorithm 

is used without its demonstration. It modifies the Hessian 

matrix. Eq. (14) represents the modification of the Hessian 

matrix which is the key point of this algorithm. 
 

(k 1) (k) (k) (k)

hes hes
H H E F+ = + +  (14) 

 

The optimal values obtained from the optimization algo-

rithm are given in Table 1.  
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Fig. 5. Track irregularities of FRA. 
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Fig. 6. Track irregularities of Kyeong-Bu high speed line. 

 

Table 1. Optimal value. 
 

Track Suspension Before After ∆  

1st stiffness [N/m] 741000 759000 18000 

2nd stiffness [N/m] 616000 671000 55000 

1st damping [Ns/m] 10200 11500 1300 

Kyeong 

-Bu 

2nd damping [Ns/m] 19400 23000 36000 

1st stiffness [N/m] 741000 710000 31000 

2nd stiffness [N/m] 616000 616000 0 

1st damping [Ns/m] 10200 11500 1300 
FRA 

2nd damping [Ns/m] 19400 23000 3600 
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4. Simulation of optimization model 

4.1 Model of ADAMS/Rail 

To verify the optimal value of the suspension derived by 

BFGS, an ADAMS/Rail model of the high speed EMU was 

designed. The specification of the ADAMS/Rail model is the 

same as that of the Korean High Speed Train in the way of 

method applied to 10 DOF model. A secondary spring con-

sists of two coil springs, not an air spring characteristically. 

The center pivot was designed as a bump stop and busing 

elements. One volume of the vehicle is shown in Fig. 7. A 

model of its bogie is shown in Fig. 8. 

 

4.2 Track irregularity 

Since the track input data suggested by FRA is a function of 

frequency, it needs to be changed from one of the frequency 

domain to one of the time domain to simulate the ADAMS/Rail 

model in the time domain. The track input PSD of FRA can 

change the input data in the time domain using Eq. (15). Fig. 9 

is the input data changed to data in the time domain. It repre-

sents the vertical displacement of the rail longitudinally. It is 

used as the input data of the wheel/rail interaction. 

 

1

( ) 4 ( ) cos(2 )
N

z

i

z x S xω ω πω β
=

= ∆ −∑  (15) 

 

Fig. 9(a) represents the vertical displacement for the 6-class 

track . Fig. 9(b) represents the vertical displacement for the 5-

class track. Displacement of the 6- class track is bigger than 

that of the 5- class track. 

 

4.3 Optimal value 

The optimal value of suspension derived by optimization 

was applied to the ADAMS/Rail model. And a simulation was 

performed to verify the optimized suspension. The input is the 

track irregularity PSD of FRA and Kyeong-Bu high speed line. 

Results are shown in Fig. 10. It represents original and optimal 

vibration. We can see the reduction of vibration of the car 

body. 

 

5. Conclusion 

To improve the ride comfort and reduce the vibration of a 

high speed EMU with maximum speed 400 km/h, a vertical 

model of 10 DOF was designed and an objective function 

related to the ride comfort and vibration of the car body was 

defined in the frequency domain. The vibration of the upper 

bogie was considered, so there were rotation effects on the 

objective function. The optimal value of the suspension was 

derived by using an optimization algorithm. The derived value 

of suspension was applied to the ADAMS/Rail model, which 

was simulated with the track input data of FRA and Kyeong-

Bu high speed line, to investigate the reduction of vibration. 

The optimal primary and secondary stiffnesses were 759000 

N/m and 671000 N/m respectively. The optimal primary and 

secondary damping were 11500 Ns/m and 23000 Ns/m, re-

spectively. In the future, the lateral degree of freedom, nonlin-

earity and flexibility of the car body will need to be considered. 

 
 

Fig. 7. ADAMS/Rail model of railway vehicle. 

 

 
 

Fig. 8. ADAMS/Rail model of bogie. 
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Fig. 9. ADAMS/Rail model of bogie. 
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Nomenclature------------------------------------------------------------------------ 

M     : Mass matrix 

C     : Damping matrix 

K     : Stiffness matrix 

Kct : Rail contact vector 

q(t) : State vector 

d(t)  : Rail input vector 

Mcb  : Mass of a car body 

Jcb  : Moment of inertia of a car body 

Mfb    : Mass of a front bogie 

Jfb    : Moment of inertia of a front bogie 

Mrb    : Mass of a rear bogie 

Jrb : Moment of inertia of a rear bogie 

Mwi  : i-th Mass of wheelset 

C1 : Primary damping 

C2 : Secondary damping 

K1 : Primary stiffness 

K2 : Secondary stiffness 

L1 : Half length between front bogie and rear bogie 

L2 : Half length between 1st wheelset and 2nd wheelset 

L3 : Half length between 3rd wheelset and 4th wheelset 

ycb    : Vertical displacement of a car body 

θcb : Pitch angle of a car body 

yfb    : Vertical displacement of a front bogie 

θfb : Pitch angle of a front bogie 

yrb    : Vertical displacement of a rear bogie 

θrb : Pitch angle of a rear bogie 

ywi    : i-th vertical displacement of wheelset 

Kr  : Rail contact stiffness 

di     : i-th vertical displacement of rail 

Y     : Fourier response of displacement 

H     : Transfer function 

Hhes    : Hessian matrix 

E     : Correction matrix related to gradient change 

F     : Correction matrix related to search direction 

D  : Fourier response of rail displacement 

v     : Velocity of a train 

li   : i-th length between wheelsets 

S     : Power spectral density (PSD) 

K(f)  : Weighting function in frequency domain 

yp1    : Vertical displacement of point 1 

yp2    : Vertical displacement of point 2 
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