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Abstract
A practical and useful trajectory planning that considers the physical limits of mobile
robots using the convolution operator in joint space are presented. Smooth joint velocity
commands that consider the maximum velocity of a mobile robot and systems limit along the
path are computed. The effectiveness of the algorithm is shown through various Bezier curves
in a robot simulator. Three curved path were conducted to determine whether the mobile
robot will be able to meet the physical limits. Each experiment had a different start point and
end point. Results show that the mobile robot was able to meet the velocity limit and follow
the predetermined path while satisfying physical constraints in the joint space.
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1. Introduction
A mobile robot is a nonholonomic system and recently becoming widely used as cleaning robots
and intelligent service robots. Various trajectory planning approaches have been addressed by
researchers [1-4].
Considering the physical limits of a mobile robot is crucial. During path planning and trajectory
generation, the physical limits should be considered in order to avoid potential damage to a mobile
robot. If the velocity profiles of a mobile robot exceeded its physical limits, then the mobile robot
might not be able to follow the velocity profiles. As a consequence, the mobile robot will end up going
to a wrong end point.
The continuous path designed in task space translates to the requirement for second order
differentiable trajectories in joint space. This means continuous velocity commands for each of
two wheels. A convolution-based trajectory generation method satisfying system specifications
was suggested in [4-7].
This paper utilizes a Bezier curve-based two-differentiable path planning that satisfies a
robot’s heading angles and follows the designed path while considering velocity limits of
translational velocity and rotational velocity [8]. A convolution operator is used to generate the
central velocity to travel the planned path [5]. In this process, the velocity trajectory can be
generated while considering the maximum velocity and acceleration according to the physical
limits of mobile robots. The velocity trajectory gained through convolution is a trajectory along
which a robot travels given distance that does not consider the rotating angle of mobile robots.
In order to consider a rotating angle of mobile robots, a transformational method for the
trajectory is presented that consists of segmented paths along designed Bezier curve with the
central velocity generated through convolution [4].
The trajectory obtained through transformational process can be used for mobile robots to
smoothly follow the planned path while staying within the physical limits. Finally, an algorithm
providing smooth velocity profiles in joint space which are actuator commands to the mobile
robot while considering the velocity limits is suggested. In order to determine the effectiveness
of the proposed method, numerical simulations were performed. The application of the planned
trajectory to a simulator showed that the robot carried out desired tasks while staying within its
physical limits. This trajectory can be used for path planning to optimize time and energy
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consumption. Three paths, including a C-curve, an S-curve and an arbitrary curve were applied
to the mobile robot to determine whether it will be able to meet the physical limits according to
various predetermined paths. The path error in terms of sampling time when making trajectory
that follows the predefined Bezier curved path was also examined.

2. Smooth trajectory planning in joint space considering velocity limits
The trajectory denotes the path that a mobile robot should traverse as a function of time. For a
mobile robot, a trajectory in task space is its position (x(t), y(t)) in the Cartesian coordinate, and
orientation θ(t), so that its configuration for the center of the mobile robot is qc(t) = [xc(t), yc(t), θc(t)]T
[4].
When planning a path for a mobile robot, the position and direction angle at its start point
and end point should be considered. A curved trajectory is commonly generated using Bezier
curves [8]. To create a smooth path that considers the configurations at the robot’s start point
and end point, a trajectory is commonly generated using a third degree Bezier curve consisting
of a start point P i(A 0, B0 ), an end point Pf(A3 , B3 ), and control points C1 (A 1, B1 ) and C2 (A2, B 2).
The trajectory takes a smooth Bezier curve-based path ρ(u) = [x(u), y(u)]T that considers the
angle of rotation and uses a constant parameter u as input and tries to find the velocity profiles
in joint space.
There has been research that the path generation method may use a convolution operator to
create a central velocity trajectory of a mobile for smooth path generation while satisfying
physical limits [5]. If the function yn (t) is a resulting function to which the nth convolution is
applied, the result of convolution y0 (t) and h1 (t) can be represented as y 1(t) and y 2 (t) denotes the
result of y 1 (t) and h2 (t) after convolution, where the nth-applying convolution function hn (t) is
defined as a square-wave function with the unit area. The velocity function for the center of the
mobile robot v c (t) generates the velocity command of the differentiable S-curve that considers
the maximum velocity vmax for the robot to travel the distance S.
The central velocity is obtained using the convolution operator. The central velocity, which
considers the velocity limit, travels along the distance of the path. The path ρ(u(t)), which is
obtained by computing the central velocity, considers the heading angles of a mobile robot.
Joint velocities could not satisfy the physical limits when the angular velocities are high. The
distance traveled is calculated using a Bezier curve to generate the central velocity trajectory for
the robot to travel along the distance S. The curved distance Bd along the path ρ(u) from the
initial to final position is calculated as follows:
1
1
B   Δρ(u )   ( x(u  Δu )  x(u )) 2  ( y (u  Δu )  y (u )) 2  (1)
d
u0
u0
In order to generate the center velocity trajectory of a mobile robot using convolution, the distance S
is thus used as an input value. Therefore, if the center velocity trajectory vc(t) is generated to have the
traveling distance as S = Bd, then the trajectory using the advantages of convolution while considering
velocity limits can make a smooth path.
The generated central velocity trajectory of vc(t) travels along the distance S. However, the central
velocity trajectory of the mobile robot does not consider the direction of the robot. In other words, for
any position (x(ui), y(ui)), the robot travels with velocity vc(ti). In order to consider the positions in task
space that depend on velocities in paths with direction angles, the parameter u(t) of Bezier curve for the
distance during the sampling time should be determined and calculated using Equation (2). The
trajectory ρ(u(t)) with the direction angle can be obtained by inputting the determined u(t) into the
Bezier curve equation. In ρ(u(t)), if the sampling time is shorter, the path can more accurately follow
ρ(u) as generated by constant parameter value u.
t 0  t1  t 2

u (t ) 

 vc (t )

t 0

Bd

(2)

Here, u(t) is defined as 0 ≤ u(t) ≤ 1 and represents the parameter of the Bezier curve that depends on
the central velocity. The trajectory generated by using u(t) satisfies the maximum velocity allowed by
the physical limits of a mobile while following the curved path with respect to the direction angles.
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The actual command for actuating the mobile robot is the angular velocities, where c is the rotating
velocity for the center, r is the right wheel’s rotating velocity, and l is the left wheel’s rotating velocity. The
command can generate wheel velocity commands in joint space using equations (3) and (4):

1
ωr  (vc  D/ 2  ωc )
r
1
ωl  (vc  D/ 2  ωc )
r
,

(3)

vr  rωr
vl  rωl

(4)

where D denotes the distance between its two wheels and r denotes the radius of a robot’s wheel.
In this study, joint velocity commands were calculated that do not satisfy physical limits even though
the center velocity satisfies physical limits. The joint velocity commands can be maintained within the
maximum velocity limit by correcting the center velocity as shown in Equation (5) when the central
velocity trajectory is generated. By doing so, a trajectory can be generated that satisfies an actual
actuator’s physical limits.
vcomp 

max(vr  vl )

2
'
vmax  vmax  vcomp

,

(5)

By doing convolution again with the modified velocity limit v' max , the joint velocity profiles
that satisfy the robot’s actuator’s physical limits can be generated. If any of the velocity profiles
(central velocity, left wheel velocity and right wheel velocity) exceeds the robot’s physical
limits, then the robot’s actuator will not be able to follow the velocity profile.

3. Experiments
Three experiments were conducted. In each experiment, the start point and the end points were
different. The values of the physical limits during the experiments were vmax = 0.5 m/s, amax = 0.2m/s2,
and jmax = 0.2m⁄s3. The sampling time in all the experiments was 100 ms.

3.1 C-curved path
The first experiment’s path is a C-curved path. The velocity trajectory satisfied the physical limits
while moving from (0, 0, 0°) to (4, 4, 90°) as shown in Figure 1. Joint trajectories with considering the
center velocity limit and considering the actuator velocity limit in the joint space are shown in Figure 2
and 3, respectively. The simulation results applied to the robot simulator are shown in Figure 4 and 5
[9].
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Figure 1. C-curved trajectory in the Cartesian space

Figure 2. Joint velocity trajectories considering the central velocity limit
Figure 2 shows that when the physical limits are vmax = 0.5 m/s, a max = 0.2 m/s 2 and j max = 0.2
m/s3 , the central velocity trajectory satisfies the physical limits while moving from the start
point (0, 0, 0̊) to the end point (4, 4, 90̊ ). The joint velocity commands for the two wheels are
used to drive the two wheels to follow the Bezier curve-based trajectory.

Figure 3. Joint velocity trajectories considering the actuator’s velocity limit
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The velocity commands for the two wheels satisfying the actuator’s physical limits are shown
in Figure 3. Figure 3 travels along the C-curved path shown in Figure 1. The distance traveled
along the generated joint velocity commands are constant due to the convolution operator’s
characteristics. The travel time slightly increased because of the limited velocity.
The proposed algorithm was applied to the robot simulator, Marilou Robotics Studio in
anyKode [9]. Figure 4 and 5 shows the simulation results in task space. They also show the
trace of the velocity commands for the two wheels, wherein the mobile robot dimensions are r =
10 cm and D = 40 cm. Figure 4 and 5 have the same desired end points but in Figure 4, the
mobile robot missed the end point because the mobile robot used Figure 2’s velocity profiles,
which exceeded the physical limits of the mobile robot during Figure 4’s simulation. Equation 5
was applied to the joint velocity trajectories to satisfy the robot’s actuator’s physical limits. The
result of the application of Equation 5 to the simulation done in Figure 4 is seen in Figure 3 and
5. Figure 3 shows the joint velocity trajectories while Figure 5 shows the trace of the robot’s
driven path.

Figure 4. C-curved path result driven by joint
velocity commands of Figure 2

Figure 5. C-curved path result driven by joint
velocity commands of Figure 3

Figure 5 shows that the mobile robot successfully followed the planned path. The travel time
slightly increased after considering the robot’s actuator’s velocity limits. The proposed
trajectory generation method can be used to generate velocity commands for robot’s driving and
controlling.
If any of the velocity profiles (central velocity, left wheel velocity and right wheel velocity)
exceeds the robot’s physical limits, then the robot’s actuator will not be able to follow the velocity
profile. As shown in Figure 2, the right wheel’s velocity exceeded the robot’s velocity limit. Therefore
the mobile robot cannot follow the velocity profile. This is the reason why the mobile robot missed its
supposed end point, as seen in Figure 4.
Figure 5 shows the results after getting the modified velocity profile v’max. The mobile robot was
able to follow the velocity profile and eventually was able to arrive at the end point.

3.2 S-curved path
The second experiment’s path is an S-curved path from (0, 0, 0°) to (4, 4, 0°) as shown in Figure 6.
Joint trajectories with considering the center velocity limit and considering the actuator velocity limit
in the joint space are shown in Figure 7 and 8, respectively. The simulation results are shown in Figure
9 and 10.
Figure 6 shows that when the physical limits are vmax = 0.5 m/s, a max = 0.2 m/s2 and jmax = 0.2
m/s3 , the central velocity trajectory satisfies the physical limits moving from the start point (0,
0, 0̊ ) to the end point (4, 4, 0). The joint velocity commands for the two wheels are used to drive
the two wheels to follow the Bezier curve-based trajectory.
The velocity commands for the two wheels satisfying the actuator’s physical limits are shown
in Figure 8. Figure 8 shows that the mobile robot travels along the S-curved path shown in
Figure 6. The distance traveled along the generated joint velocity commands is constant because
of the convolution operator’s characteristics. The travel time also increased slightly because of

252

Joint Space Trajectory Planning Considering Physical Limits with
Convolution Operator for Mobile Robots
Gil Jin Yang and Byoung Wook Choi

the limited velocity.

Figure 6. S-curved trajectory in the Cartesian space

Figure 7. Joint velocity trajectories considering the center velocity limit

Figure 8. Joint velocity trajectories considering the actuator’s velocity limit
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Figure 9. S-curved path result driven by joint
velocity commands of Figure 7

Figure 10. S-curved path result driven by joint
velocity commands of Figure 8

Figure 9 and 10 shows the simulation results in task space. They also show the trace of the
velocity commands for two wheels. Figure 9 and 10 have the same end points but in Figure 9,
the mobile robot missed the end point because the mobile robot used Figure 7’s velocity profiles.
The velocity profiles exceeded the physical limits of the mobile robot during Figure 9’s
simulation. Equation 5 was applied to satisfy the robot’s actuator’s physical limits. The result of
the application of Equation 5 to the simulation done in Figure 9 is shown in Figure 8 and 10.
Figure 8 shows the joint velocity trajectories while Figure 10 shows the trace of the robot’s
driven path.

3.2 Arbitrary path
The final experiment used two paths moving from (0, 0, 45°) to (3, 1, 45°) through (1, 1, 0°) as
shown in Figure 10. Joint trajectories with considering the center velocity limit and considering the
actuator velocity limit in the joint space are shown in Figure 11 and 12, respectively. The simulation
results are shown in Figure 13 and 14.
Figure 11 shows that when the physical limits are v max = 0.5 m/s, amax = 0.2 m/s2 and j max =
0.2 m/s 3 , the central velocity trajectory satisfies the physical limits moving from the start point
(0, 0, 0̊) to the end point (4, 4, 0). The joint velocity commands for the two wheels are used to
drive the two wheels to follow the Bezier curve-based trajectory.
The velocity commands for the two wheels satisfying the actuator’s physical limits are shown
in Figure 13. The mobile robot travels along the S-curved path shown in Figure 11. The distance
traveled along the generated joint velocity commands are constant due to the convolution
operator’s characteristics. The travel time slightly increased because of the limited velocity.
Figure 14 and 15 shows the simulation results in task space. They also show the trace of the
velocity commands for two wheels . Figure 14 and 15 have the same end points. But in Figure
14, the mobile robot missed the end point. This is because the mobile robot used Figure 12’s
velocity profiles.
The velocity profiles during the experiment exceeded the physical limits of the mobile robot
during Figure 14’s simulation. Equation 5 was applied to satisfy the robot’s actuator’s physical
limits. The result of the application of Equation 5 to the simulation done in Figure 14 is seen in
Figure 13 and 15. Figure 13 shows the joint velocity trajectories while Figure 15 shows the
trace of the robot’s driven path.
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Figure 11. Arbitrary trajectory using a Bezier curve

Figure 12. Joint velocity trajectories considering the center velocity limit

Figure 133. Joint velocity trajectories considering the actuator’s velocity limit
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Figure 14. Arbitrary path result driven by joint
velocity commands of Figure 12

Figure 15. Arbitrary path result driven by joint
velocity commands of Figure 13

4. Path error according to sampling time
When generating the velocity profiles for a mobile robot to travel smoothly along a Bezier curvebased path, the sampling time should also be considered to produce the velocity commands. Figure 15
shows trial 3’s the generated trajectory according to sampling times. The results show that the error
increases as sampling time increases. However, if a system cannot drive commands within sampling
time, the resulting trajectory also cannot follow the predefined path.

Figure 16. Trajectory according to sampling time

5. Conclusion
A practical method for generating velocity profiles for a mobile robot to travel smoothly
along a curved path within the actuator’s physical limits was proposed. The proposed velocity
profiles satisfy the physical limits. The central velocity of the mobile robot uses the
characteristics of the convolution operator [5]. The central velocity trajectory follows the
smooth Bezier curve-based path.
According to the result of the experiment, the mobile robot will be able to follow the Bezier
curve-based path if the proposed method is applied. The travel time slightly increased because
of the limited velocity. Before application of the proposed method, the mobile robot could not
follow the path. The mobile robot ended up at wrong end point because the velocity profiles
exceeded the physical limits of the robot’s actuators.
The proposed trajectory generation method can be used to generate velocity commands for
actual driving and controlling. In the future, this trajectory generation method can be applied to
obstacle avoidance algorithms that satisfy the velocity limits at the any point [10-11].
The results show that the error increases as sampling time increases. If a system cannot drive
commands within the sampling time, the resulting trajectory also cannot follow the predefined path.
This considered the effect of sampling time to cope with control loop.
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